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(1) {25 points)
{a) The adjoint MT of a matrix M is defined as the transpose of the complex conjugate of M,
ie., MT = (M™)". A matrixis called normal if it commutes with its adjoint, ie., [M, M=

Mt — MiM = 0. Show that the eigenvectors corregpond  to different eigenvalues of a

normal matrix are orthogonal to pach other.
(b) Find the eigenvalues and eigenvectors of the matrices

1 =€ 1 1
(__E 1), and (52 1).

When ¢ — 0, what happens to the eigenvectors of the above two matrices.

(2) (25 points)
Plane elliptic coordinates {u,¥) i defined as # = acosh{u) cos(

{z,%) is the Cartesian coordinates,
(a) If v is a constant, varying v describes a curve on the plane called coordinate curve of ¢. Find
the equation of this curve in terms of £ and y. Similarly, work out the coordinate curve of v.

Qketch the coordinate curves (for different u and v) in the z-y plane.
(b) Calentate 3/0x and @ /8y in elliptic coordinates.

v), y = asinh(u)sin{v}, where

(3) (25 points)
Define Laplace transform as:

L{s)}=F(p) = fom fl e de.

{a} Derive the Laplace transforms of " £(t) and d™f(£)/d¢™. Thus find the Lapace transform of

d™ f(2)/di™.
(b) Derive the Laplace transforms of cos(t) and sin(i). Hence solve the equation for ¢ > 0

do
Fte= beos(t),

where @ and b are copstants, and z(0) = 1.

{4) (25 points)
Consider the linear partial differential equation

U R
oz Plz,) a2’

where P(z,%) > 0 for all z and 1.

{a) What'is the meaning of linear?
of the equation if P(z,f) = 1.

(b} A function U(z,t) = 3% Ua(m,1)

houndary conditions Us(1,£) = Ua(2,8)=0. i

What is the name of this equation? Find the general salution

satisfies the partial differential equation above, and the

Una(z,1) = [An cos(wat) + Ba sin(wat)] V7 sin x4 log. ()] |

where A, and By are constants, find P(z,t) and all possible values of xn and wy.



