s ke KN - SR SR A L HET A A SR
FFSH: IR Al BHET: B\, ) om |

Notations : The positive integers, integers, rational numbers will
be denoted by N,Z,Q respectively.

(1) (a) (10 %) Let G' be a group and let ¢ : G — Z be a group homomorphism
from G 1o the additive group of integers Z. Show that the kernel of ¢ conlains
the commutator subgroup of G.
(b) (10 %) Let I2 be a commutative ring with unit clement and leb 1 : B — Z
be a ring homotnorphism [rom f{ te the ring of integers Z. Show that the
kernel of ¥ is a prime ideal of 1. (An ideal I is prime if for any two elements

a,bol R, abc Iimpliesae T orbel.)

(2) (10 %) Does there exit a ficld cousisting of 1996 elemcnts?
If the answer is Yes, give an ecxample and verify your answer.

[f the answer 1s No, explain why.

(3) {20 %) Let G be a finilte group and let H be a subgroup of . The
conjugates of H in ( are subgroups of the form gHg™', ¢ € G. Show that
the number of distinct conjugates ol I in G is the index of N(H) in G, where

N{(HY={ge G|gHy " =1}

(4) (15 %) Let R be a commutative ring and let [ be an ideal of [i. The

radical of 1 is the set
R(I)={re R|r" €l forsome n e N}

Show that R(I) is an ideal of &.

(5) (15 %) Let Sy denote the permutation group on 4 elements. How many
2-Sylow subgroups does Sy have? Dcetermine all the 2 5ylow subgroups of

Sa.

(6) (20 %) Let I be a splitting field of the polynomial {z%—3)(z®—5). What
is the degree [£ : Q] of £ over Q7 Determine the Galois group Gal(J2/Q) of

r

the polynomial {z? — 3)(2® — 5).



