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Part A % (50 &)

1. (10%)

(1) (5%) The number of database queries processed by a computer in any 10-second interval is a Poisson
tandom variable, K, with ¢ =5 queries. What is the probability that at least two queries will be processed
in a 2-second interval?

(2) (5%) If X and Y are independent Poisson random variables with respective parameters 1, and 4,,
compute the distribution of X+,

x20,y20,

y) 'ue—(lxwy)
2. (10%) X and Y have the joint PDF Jxy(x,y) = ]
' 0 otherwise.

Find the PDF of W=Y/X.

3. (10%) A bin contains 3 different types of disposable flashlights. The probability that a type 1
flashlight will give over 100 hours of use is 0.7, with the corresponding probabilities for type 2 and type 3
flashlights being 0.4 and 0.3, respectively. Suppose that 20 percent of the flashlights in the bin are type 1, 30
percent are type 2, and 50 percent are type 3.

(1) (5%) What is the probability that a randomly chosen flashlight will give more than 100 hours of use?

(2) (5%) Given the flashlight lasted over 100 hours, what is the conditional probability that it was a type j

flashlight, j=1, 2, 32
%=
4. (20%) X and Y are random variables with the joint PDF

2 —1<x<10< v < x? %‘
fx,y(x,y)={5x /2 ~lsxsl0<ys<s, LetA ={Y <1/4}.

0 otherwise. m
(1) (5%) What is the marginal PDF Sx(x)?
X

(2) (5%) What is the conditional PDF S (6 0)?

(3) (5%) What is fy, (7)?

(4) (5%) What is E[Y]A]?
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Part B BE# 2 (50 9)

1. (4%)
Let p(x,y) and g(x,y) denote two open statements: pxy)=x*>y, and q(x,y):= x+2 < y. If the universe of
each of x, y consists of all real numbers, you please determine the true value for each of the following
open statements.
@  (1%) p(-3,8) A g(-2,-3)
(b) (1%) p(1/2, 1/3) v —q(-2,-3)
(© (%) p(2,2) > q(1,1)
() (%) p(1,2) & ¢(1,2)

2. (4%)
Let U be a given universal with A, B c U, |ANB|=3, JAUB}=8 and |U|=12. How many subsets C ¢ U
satisty Am B < C ¢ AUB, and C contains an even number of elements?

3. (4%)
Give a Big-O estimate for f(n)=3nlog(n!)+(n+1)10g(112+1) + 31k

4. (4%)
In how many different ways can eight identical cookies be distributed among three distinct children if
each child receives at least two cookies and no more than four cookies.

5. (4%) f‘"
Show all Hamilton circuits with minimum total weight, )&:’"

%
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6. (10%)
Prove that the sum of the first # odd positive integers is #*.

7. (10%)
Please using "Generating Function (GF)" to solve the non-homogeneous recurrence relation a, = 3a,., +
1, with initial condition ay = a; = 1.
(Note: Please use GF to solve this question; otherwise, no score will be given.) '
(@) (5%) After applying GF to this relation, what is the equation of G(x)?
(b) (5%) Solving for G(x), what is the a,?

8. (10%)
What are the solutions of the linear congruence: 3x = 4(mod7) .
(@) (5%) Find an inverse of 3 modulo 7
(b) (5%) What are the solutions of the linear congruence
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Part C &M K $ (50 2)

L. Let ﬂcf,m,,(R) represent the set of all 7 X n matrices with entries from the field of real numbers and
W denote the subset of M,,,,(R) having trace equal to zero.

(a) (5%) Prove that W is a subspace of M, xn(R).

(1) (4%) Find the dimension of W,

{¢) (3%) Find a basis for 1V,

2. Let V and W be finite-dimensional vector spaces and T : V — W he a linear transformation from
Vto W,

(a) (4%) Prove that if dim(V)>dim(W), then T' cannot be one-to-one.

(b) (4%) Prove that if dim(V)<dim(}), then 1" carmot, be onto.

3. (8%) For the matrix | —1 1 3 |, compute the rank and the inverse if it exists.

o &;‘gt\@(‘;:v

4. (10%) Let V be an inner product space, and let S = {v1,v9, -+, v,} be an orthonormal subset of V.

Prove that for any o € V, we have [[«f|® > > |{w, v;)]* where (,) denotes the inner product.
i=1

5. (12%) Let T be a linear operator on an inner product space R, Define T by T(a,b,c) = (o + 4h —
2¢,¢ = 0,5¢). Test T for diagonalizability with an orthonormal basis, and find an orthonormal basis 3

such that [T'g is diagonal, if possible.




