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1. Solutions for ordinary differential equations (ODEs) (25%)
(a) Find the solution for the ODE y'=(x+y-2)°,3(0)=2. (Hint: set v=(x+y— 2))
(7%)
(b) Find the solution for the 2"-order ODE x’y" —xy'+y = 0,y(1) =1.5,'1) =0.25.  (8%)
(c) Find the solution of the initial value problem
y"+3y+2y =10[sin¢ + (¢~ 1)}, »(0)=1, y'(0)=—1. 5(t—1) is Dirac delta function. (10%)

2. Vector analysis and Linear algebra (25%) :
(a) Please find the parametric equat1ons of streamline through (-1, 6, 2) for the Vector F(x, y,

d
z)=x*i+2yj—1k ( x and y are not zero) using the equations &~ j—y = —di (10%)
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(b) Please solve the following nonhomogeneous systems of ODEs by evaluatmg (1) matrix
form, J' = AJ + g (2%); (ii) eigenvalues and eigenvectors of matrix A (5%); (iii) the
corresponding homogeneous and nonhomogeneous solutions (8%)
{1{ =41 +41,+12

I, =—1.61, +1.2I,+4.8

3. Laplace transform / Fourier analysis (25%) :
The Fourier transform pairs of two time signals f(r)<> F(w) and g(f)<> G(w) denote

F(w)= J.i f(t)e™dt and G(co):_[jc g(t)e ’“dt, where ¢ and @ are time and angular

frequency, respectively. It’s known that two properties of the Fourier transform are called (1) the

time shift theorem, that is f(t~1) < F (a))e_jm0 , and (ii) the convolution theorem, that is

SO *g(t) > F(0)G(w), where f(t)*g(t) = J‘ f(D)g(t-r)dr.
(a)Here f{?) is a time signal.
(1) (6%) Derive (or prove) the Fourier transform of f{z-t,) to be F (w)e Ea
t, 0<t<l1
2—t, 1Lt<2
(ii1) (3%) Give the physical meaning of (or give interpretation to) f{z) and f(t-1) in both the
time domain and the frequency domain ( F(w)e" “0).

(b) Here f{) and .g(t) are both time signals.
(1) (10%) Derive (or prove) the Fourier transform of f(t)*g(t) to be F(w)G(w). 4
(i1) 3%) If now f(?) is the input guided into a system with the impulse response function g(?), J/g'

(11) (3%) If a specific time signal was defined as f (zf) = { . Sketch f{#) and f{z-1).
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please give the interpretation to the convolution theorem. (To make a sketch for explanation i§

helpful.) e
g /u“jF? @ﬁ "&
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4. Partial differential equations (PDEs) (25%)
The striking hammer problem could utilise the following mathematical notation to consider,
U = CPugy +5(x,t), 0<x <L, t>0
w(0,t) =u(l,t) =0
ulx,0) = u(x,0) =0.
If the striking hammer is not perfectly rigid, then its effect must be included as a time-dependent

foreing term of the form:
m(x—¢

S(x’t):{v-cos( >d )sm( )for lx—¢|<d,0<t<é

0 , otherwise.

Please find the general solution (10%) and motion of the string for ¢t > § (15%).
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