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Notation: In the following questions, underlined letters such as a, b, etc. denote column vectors
of proper length; boldface letters such as A, B, etc. denote matrices of proper size; AT means
the transpose of matrix A. I, is the (n x n) identity matrix. ||a/| means the Euclidean norm of
vector a. R is the usual set of all real numbers. det(A) is the determinant of square matrix A.
row(A) and col(A) are the row and column spaces of A over R, respectively. For any linear map
T over vector spaces, we use ker(T), rank(T') and nullity(T") for the kernel, rank and nullity of
T, respectively. Let W be a subspace of R"; then by W+ we mean the orthogonal complement
of W in the Euclidean inner product space R?. & : f(t) — F(s) and £~ ! : F(s) — f(t) denote

the unilateral Laplace and- inverse Laplace transforms for ¢ > 0, respectively.
— + Which of the following sets is basis (are bases) for R3?
(4) {[0,1,0)7, [0,0,1)7, [1,0,0]7}.
(B) {_27 4, _G]Ta [la -2, 3]T}
(©) {[0.14,0,-0.1]7, [~1,-0.2,0.4]", [0.5,0.5,—1] }.
D) {[-1,2,3]", [8,-7,6]", [4,-2,3]T,[9,0,5]" }.
)

(E) None of the above are true.
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=~ Which of the following statements about the multiplicative inverse of a matrix is /are true?

(A) A matrix A is called invertible if there exists a matrix B such that AB is an identity

matrix.
(B) If a matrix is both diagonalizable and invertible, then so is its multiplicative inverse.

(C) Suppose that matrices A of size n x n and D of size m x m are invertible and that

matrix C is of size m x n; then the following identity is true

A O
C D

Al 0
-D-!CA™! D' |
(D) Methods for finding the multiplicative inverse of a matrix include LU factorization,

Gaussian elimination, eigen-decomposition, and Gram-Schmidt process.

(E) None of the above are true.

= - Which of the following properties of eigenvalue is/are true?

(A) A scalar ) is an eigenvalue of matrix A if and only if A is an eigenvalue of AT

(B) A matrix is positive semi-definite if and only if all of its eigenvalues are non-negative.
(C) Every eigenvalue of a matrix A is also an eigenvalue of A?

(D) If matrices A and B are similar, then they have the same eigenvalues.

(E) None of the above are true.
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9 » Which of the following matrices is/are diagonalizable?

(A) 3 -1

5 0 0
B)l150
0 0 4

9 8 —4
© | -6 8 o
| 62 6
[ 2 0 —2
02 1 0
(D)
00 3 -3
00 0 5

(E) None of the above are true.

£ LB 22 B

Z ~ Which of the following statements about matrix factorization is/are true?

(A) If a matrix A is positive definite, then A has “an” LU factorization, A = LU, where

the diagonal entries of U are positive.

(B) Suppose that a matrix A = QR, where Q is an m x n matrix and R is an n x n

matrix. If the columns of A are linearly independent, then R must be invertible.

(C) Any factorization of a matrix A = UDV'T, with matrices U, V square and positive

diagonal entries in the matrix D, is called a singular value decomposition of A.

(D) An n x n matrix A is positive definite if and only if A has “a” Cholesky factorization

A = RTR for some invertible upper triangular matrix R whose diagonal entries are

all positive.

(E) None of the above are true.
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7~ The Householder matrix H = I, — 2proj,, where proj, = IIU_IIIEMT is the orthogonal
projection matrix onto some nonzero vector u € R", is a reflection matrix. Which of the

following statements is/are true?

(A) Consider the 2-dimensional space, i.e. n = 2. For vectors u, d, p,q€ R? shown in the

figure below, we have Hd = p.

(B) H is a symmetric and orthogonal matrix.
(C) Both linear sysfems Az =p)and HA z = Hb are equivalent.

(D) Let a = [a1,...,an]" and u = [a1 — ||al|,a2,...,an]" # 0. Then |u||® = —2]lallu
and Hg = [||a|,0,...,0]T.

(E) Nomne of the above are true.
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which of the following statements is/are true?

(A) det(A) = det(C) = 0.
(B) det(D) = —40.
(

(D) det(F) = 20.

)
)
C) det(B) = det(E).
)
)

(E) None of the above are true.
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A~ Consider a 3 x 3 nonzero matrix A, and let W = col{A) and V = col(AT). The least
squares solutions g1 to Az = b are illustrated in the following figure, where projy b is the
orthogonal projection of vector & onto vector space W. A minimum length least squares

solution gy 5 is the one among the least squares solutions that has a minimum norm.

it
3 .h'bl)

Which of the following statements is/are true?
(A) (col(A))* = ker(AT) is proved by either (1) if z € (col(A))+, then 27 Az = 0 for any
z; and then ATz = 0; or (2) if s € ker(AT), then g7 Az = 0 for any z.

(B) Let h = b—projy b (see the above figure). Then ATh = 0 and the system Az =h+y
for any v € col(A) is a consistent system, i.e., Az = h + v has at least one solution

(not least squares solution).

(C) A least squares solution z;g to Az = b satisfies Az = projyb, and then satisfies
ATAz=ATp.

(D) The minimum length least squares solution zy g to Az = b is unique, and IMLLS =
projyzys, where V = col(AT).

(E) None of the above are true.
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J~ Let u; and vy be the eigenvectors of matrix A corresponding respectively to eigenvalues

o]l

It is found that A; > 1 > |Ag|. With matrix A, let 2, = [@n1, :cn,g]T cR2forn=0,1,...

be a series of vectors related by z,,,; = Az,. Given the initial condition zo = [1,0]T =

A1 and A9, where

av; + Bu, for some o, § € R, which of the following statements is/are true?

(A) 8= 5%
(B) z, = (M) + B(A2) "2y
(C) limpoo ,;:—Ti‘ll—l = A1

(E) None of the above are true.
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-+~ Let Ty be a linear transformation on R? for a rotation by an angle 8 about a unit vector

u. Specifically, we let the matrix for T;, with respect to the standard basis S for R3 be

c+ u%(l - c) u1u2(1 - C) — Uugs U1U3(1 — c) + ugs
G=[Ts=| wug(l—c)+uzgs c+ud(l—c) upus(l—c)—wuis |,

upuz(l —c) —ugs uguz(l —c) +ws  c+ud(l—c)

where [u]s = [uy,u2,u3]" is the coordinate vector of u with respect to S, ¢ = cos(f)
and s = sin(#). Furthermore, let A be the rotation matrix about the z-axis of Cartesian

coordinate system by an angle 6, i.e.,

¢ —s O
A=[Tys=|s ¢ O
0 0

where [v]g = [0,0,1]7. Let B = {n,b,u} be an ordered orthonormal basis for R® with
[n]s = [n1,n2,n3]T and [b]s = [b1,bo,b3] " and let P, 5 = [[n]s, [b]s, [u]s] be the change-
of-basis matrix for changing basis from B to S. Which of the following statements is/are
true?

(A) n% + b% -+ u% =1, ning + b1bs + uyug = 0 and ning + bibs + vjug = 0.

(B) The coordinate vector of u with respect to basis B is [u]p = Psp [u]s.

(C) G =Ps.BA.

(D) G=APgs. p.

(E) The matrix for Tj, with respect to basis B is A.
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Solve for y(x) the first order differential equation
zy' (z) — 4z’y(e) + 2y(z) In(y(z)) = 0
by the substitution v = In(y(z)). Which of the following statements is/are true?

A) It is a nonlinear ordinary differential equation for the dependent variable y.

(
(B) It is a nonlinear ordinary differential equation for the new variable v.
(C) There exists a solution y(z) satisfying the condition y(0) = 1.

(

D) There exists a solution y(z) satisfying the condition y(1) = 1.

(E) None of the above are true.

IR B AA
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+ =+ The Cauchy-Euler equation
2,1 / —
z7y"(z) — dzy/(z) + 6y(z) =0

can be transformed into a constant coefficient equation y"(v) + by'(v) + cy(v) = 0 by the
substitution v = In(x). Which of the following statements is/are true?

(A) b= -5.

(B) ¢= —6.

(C) The solution y(z) exists only for z > 0.

(D) y(z) = C1a2 + Cya® for some constants C; and Cs.

(E) None of the above are true.

+=~ Continued from Problem -+ =. Solve the non-homogeneous second order differential equa-
tion

2’y (z) - 42y (z) + 6y(z) = «°

by variation of parameters, i.e., set the particular solution as y,(z) = w(z)y:(z) +
u2(z)y2(z), where yi(z) and y2(z) are homogeneous solutions. With initial conditions

y(1) = 0 and y/(1) = 1 for the complete solution y(z), which of the following statements
is/are true?

(A) The real valued solution y(x) exists only for z > 0.
(B) »(2) =2.

EEFasan




LB RS At 100 B4 RS LI 4 K RIRE

tam . TSR

#8 @ a2 C(3005)

(C) 2¢/(2) — 3y(2) = 8.
(D) ¥'(3) —w(3) =4

(E) None of the above are true.

-+ + The first order system

zi (1) 0
zh(t) _| 8
z5(t) 0
zi(t) 17

17

o O o =
o

o = O O

I

s b @ g\l E

z1(t)
zo(t)
z3(t)
z4(t)

can be reduced into an equivalent second order system y”(t) = By(t) with y(t) =

[z1(t), z3(t)]T. Which of the following statements is/are true?

17 8
(A)B:[ 8 17}"

8 17
(B)Bz[w 8]'

(C) The eigenvalues of B are 9 and 25.

(D) [1,1]7 is an eigenvector for B.

(E) None of the above are true.
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+ & - Continued from Problem -+ . Find the particular solution for the second order system

Q” (t) —

following statements is/are true?

(A) z1(t) =

(B) z3(t) = 75 + €5 + 3.

(©) (

D) (
)

(E) None of the above are true .

=

2N

._l-

e + €% — cos(3t) — sin(3t).

1

F(S)=§

B y(t) with initial conditions y(0) =

z1(t) + z3(¢)) is an odd function in ¢.

z1(t) — z3(t)) is an odd function in ¢.

[-3,3]7. Which of the

[1,3]T and ¥ (0) =

v For s > 0, let F'(s) be the unilateral Laplace transform of function f(¢) given by

1

s(es +e3%)

Which of the following statements regarding the values of f(t) is/are true?

(A) f(1) =3
(B) f(@)=1
(©) F(4) =2
(D) f(8)=3.

(E) None of the above are true.
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Consider the following periodic function

o0

@y = > exp(~n(t—n)?)

n=—oco

which has a Fourier series representation

£ b B HI1DE

= Z rm, c08(27mt) + by, sin(27mt)

m>0

for some am, by, € R and for all £ € R. Which of the following statements is /are true?

(m%=%

(B) a1 =

(C) ag =

(D) by =

(E) None of the above are true.




EEBEORT A 109 $FEREL PB4 A KX

A LA A B TEEP C3005)

F A

For the following second order differential equation

tz”(t) + (4t — 2)2'(t) + (2t — 4)z(t) = 0

#.hb B 821U 7

Let z1(t) = t"™ 3 50 ant™ and zo(z) = t™ Y, bnt™ be the two linearly independent

Frobenius series solutions for x(¢) when z > 0, where r; and 7o are the zeros of the

corresponding indicial equation. Assume r; > ry and ag = by = 1. Which of the following

statements is/are true?

(A) 71 — ro is not an integer.

(B) Qg = %
(C) ag = —%.
(D) b3 = 4.

(E) None of the above are true.
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+ 7.+ Continued from Problem -+ .. The second order differential equation can be alternatively
solved by using Laplace transform. Assuming z(0) = 0 and [;° z(¢t)dt = 1, which of
the following statements is/are true about the values of z(¢) and its unilateral Laplace
transform X (s) = £ {z(t)}7?

(A) 2'(0) = 1.

)

(B) z(1) =

(C) X(1) <

(D) Values of X(s) exists for all s > —1.
)

(E) None of the above are true.
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=~ Consider the following boundary value problem for the bivariate function u(z,t) defined

for0<z<mandt>0 )

0 0
Eu(z, t) = Qwu(z, t) +u(z,t)
Given the end-point and initial conditions

f—u(m, t)

3,
B = —u(z,t)

oz

=0 and u(z,0)=z(r-=x)

z=0 T=7

which of the following statements is/are true for the solution u(z,t) when it is expressed

as

uwz,t) = Z aneP™t cos(2nz) + byedt sin(2nz)
© n>0

for some constants ay, by, P, g € R?

(A) ao=§.
(B) a1 = ~1.
(C) p2 = —3L.
(D) by = -1

(E) None of the above are true.




