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Notation: In the following problems, R is the usual set of all real numbers. We will use
underlined letters such as @ € R™ to denote a real, column vector a of length n. ||g| means
the Frobenius norm of vector a, and Q is the all-zero column vector of proper length. We will
use boldface letters such as A € R™*" to denote a real matrix A of size m x n, and we will
write A = [a; ;] € R™*", where a;; is the (i,4)-th entry of A with subindices¢=1,...,m, and
j=1,...,n. AT is the transpose of matrix A. rank(A) denotes the rank of matrix A. I, is the
n % n identity matrix. det(A) and tr(A) are respectively the determinant and trace of square
matrix A. row(A), col(A) and null(4) are the row, column and right null spaces of A over R,
respectively. Unless otherwise stated, all vector spaces and linear combinations are over field R,
and the orthogonality is with respect to the usual Buclidean inner product. By dim(W) we mean
the dimension of vector space W over its base field R. & : f(t) — F(s)and £~ : F(s) — f(?)
denote the unilateral Laplace and inverse Laplace transforms for t > 0, respectively. Primes

of functions of one variable denote the derivatives with respect to the variable, for instance,

2
y'(z) = d%y(m), y'(z) = %gy(m), etc.

1. Consider the matrix:

312 4 5
213 4 6
4 7 8 -1 -2

3]
<

(A) z=2.

(B) y=—3%

(©) z=133

(D) w=-%.

(E) None of the above is true.
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2. Let

and

1

(A-—l)lo___ [‘” LN

Which of the following statements is/are true?

(A) z = 524288.
(B) y = 524288.
(C) z = 1048576.
(D) w = 1048576.

(E) None of the above is true.

3. Given the matrix A below
1 2 -3 2

A=10 -1 -1 3
1 4 -1 =2
which of the following statements is/are true?
(A) dim(col(A)) = 3.
(B) dim(row(A)) = 2.
(C) dim(null(A)) = 1.
(D) dim(null(AT)) =1

(E) None of the above is true.
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4. Suppose 7 : R® = R? is a linear transformation such that
1 1 2
4
4k =H,7— 0 =[3],T : =[5]u
8 6 10
1 1 1
Now if for any [z3, 2, 73]" € R®
[ o )
T = ;
bz ms

then which of the following statements is/are true?

(A) a+b=3z;+ 3zy + 6z3.
(B) a—2b= —3x; + 3z9 — 6z3.
(C) 2a+b=4x; + 4z9 + 2z3.
(D) b—a =z + z2 + 2z3.

(E) None of the above is true.

5. Continue from Problem 4. The following is a basis for the null space (kernel) of linear

transformation 7

Which of the following statements is/are true?

(A) a+b=1.
(B) a-b=0.
(C) a/b=2.

(D) evb=0.

(E) None of the above is true.

6. Consider the linear system Az = b in the unknown z, where A € R™" and b € R" are
both nonzero. Which of the following statements is/are true?
(A) The system is consistent if b’ A # Q7.
(B) The system can be consistent if b'A=0".
(C) The system is inconsistent only if A has nullity larger than zero.

(D) The system has infinitely many solutions only if A has a zero eigenvalue.

(E) None of the above is true.
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7. For the square matrix

e I 1
A=|0 -1 4| -2 [220],
00 1 X

which of the following statements is/are true?

(A) rank(A) =3.
(B) det(AAT) = 2.
C) The linear system AT Az = b in the unknown z is consistent for every b € R5.

(
(D) The matrix AT A has an eigenvector e with ||e|| = 1 such that Ae = 0
(

E) None of the above is true.

8. A symmetric positive-definite matrix A = [a; j] € R¥*3 has eigenvalues 1, 1, 3. Which of

the following statements is/are true?

(A) The maximum of the quadratic form 2 Az over all z € R3? subject to ||z|| = 1 is 6.
(B) The product a;,1a2.2a3,3 of diagonal entries can be negative.

(C) The matrix A — I3 has nullity equal to one.

(D) Any matrix B € R3*3 with eigenvalues equal to 1, 1, 3 must be similar to A.

(E) None of the above is true.

9. For
0
andb=1| 3 |,

1
A=11
1 0

NN N

which of the following statements is/are true?

(A) The orthogonal projection of b onto col(A) is [3,3,3]".

(B) mingep: [|Az - b|* = 6.

(C) Let £ be the set of least squares solutions to the system Az = b in the unknown z;
then L is a subspace of R2.

(D) mingeg ||z||> = 4, where £ is defined in (C).

(E) None of the above is true.
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10. Consider the transformation 7 : R2 — R2%2 given by T(z) = [ ) } z! [ o 1 J Which

of the following statements is/are true?

(A) T is one-to-one.
(B) T is onto.

(C) The range of T is a vector space over R with dimension equal to one.
-2 1
(D) There does not exist z € R? such that T(z)= { - J

(E) None of the above is true.

11. Consider the following differential equation:
(2y° — 9zy)dz + (3zy — 6z%)dy = 0.
Which of the following statements is/are true?

(A} This is a nonlinear differential equation.

(B) This equation is not exact.

(C) There exists an integrating factor that depends only on z.
(D) There exists an integrating factor that depends only on y.

(E) None of the above is trye.

12. Continue from Problem 11. Determine the particular solution y(z)

satisfying y(1) = 3.
Which of the following statements is/are true?

(A) y(2)=0.
(B) y'(4) =3.
(C) y(3)=9.
(D) ¥'(6) = 0.

(E) None of the above is trye,

e
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13. Consider the following differential equation:
(z—4+4z7 )y (2) + (2 — o)y (2) + y(z) = L.
Which of the following statements is/are true?

(A) This is a nonhomogeneous differential equation.

(B) Suppose y;(z) and ys(x) are two particular solutions of this equation. Then 1 (x) +

ya(x) is also a solution of this equation.
(C) There exists a solution y(z) = e*®, where X is a nonzero constant.

(D) There exist three particular solutions that are linearly independent over R for this

equation.

(E) None of the above is true.

14. Continue from Problem 13. Determine the particular solution y(z) satisfying y(1) = 0 and
y"(3) = 0. Which of the following statements is/are true?

(A) y(2)=4.
(B) y(4) =3.
(C) y'(6)=0.
(D) ¥'(®) =1

(E) None of the above is true.

15. Consider the following system of differential equations:

2'(8)+y'(t) + 2y(t) = 0,
z'(t) — 3z(t) — 2y(t) = 0.
Suppose z(0) = 1 and y(0) = —3. Which of the following statements is/are true?
(A) 2"(t) — 2'(t) + 6z(¢) = 0.
(B) ¥"(t) - 2/(t) + 6y(t) = 0.
(C) ¥"(0) = 92'(0).
(D) "(0) = y/(0).
(E) None of the above is true.
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16. For the following second order differential equation
(22% — %)y (z) + Bz — 22%)y'(z) — (1 + 8z)y(z) = 0,

let y1(z) = 2™ 3 ,>panz" and y2(z) = 2" 3, 50bnz” be the two linearly independent
Frobenius series solutions for y(x) when = > 0, where r; and ry are the zeros of the

corresponding indicial equation with ry 2> 2. Which of the following statements is/are
true?

(A) ry — 7o is not an integer.

(B) r1 +72>0.

(O) Irira| = 4.

(D) r1/re > 0.

(E) None of the above is true.

17. Consider the following integral equation
t
y(t) + 2/ y(7) cos(t — 7)dT = 3¢ + 2sin(t).
0
Which of the following statements is/are true regarding the values of Y(s) = L {y(t)}?

(A) Y(0) =4.
(B) Y(-2) < 0.
©) V(=) =1
(D) Y(1) > 1.

(E) None of the above is true.

18. Continue from Problem 17. Which of the following statements is/are true regarding the

solution y(¢) to the integrgal equation?
(A) y(1)>0

(B) 4/(0) <0

(C) ¥"(0) > 0.

(D) y(t)>0forallteR.

(E) None of the above is true.
PE AN <k 8
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19. Consider the following boundary value problem for the bivariate function f(z,t) that is

defined for z € [0,2] and t > 0 and satisfies the following conditions

32 f(z,t) = 22 f(,1),

2f(zt)| =&f(=t)) =0, forallt>0,
z=0 =2
f(z,0) = 4z.

The solution f(z,t) can be represented in the following form
[o o]
flz,t) = Z e®t [ay, cos (cnz) + by sin (cnT)]

n=0
for some ap, by, €, dn € Rwith ey, 2 0,do > di1 > -+ and |ap|+|bn| > 0foralln=0,1,...
Which of the following statements is/are true regarding the values of a, and b, in the
representation of solution f(z,t)?
(A) ag Z 0 and bo S 0.
(B) a1 S 1.
(C) a1/az = 9.
(D) as > bs.

(E) None of the above is true.

90. Continue from Problem 19. Which of the following statements is/are true regarding the

values of ¢, and dy in the representation of solution f(z,t)?

(A) do=0.
B) d+di=%.
(©) G+ =—2
(D) 3= %—

(E) None of the above is true.
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