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1. (18 pt) Consider a message signal ݉ሺݐሻ: 

(a) (6 pt) Give the amplitude-modulated (AM) signal with an amplitude sensitivity constant ݇௔, 

if a sinusoidal carrier wave is given by ܿሺݐሻ ൌ ߨሺ2	ݏ݋௖ܿܣ ௖݂ݐሻ. 

(b) (6 pt) Plot the spectrum of the AM wave in (a), if the spectrum of the message ݉ሺݐሻ is 

given by Mሺfሻ ൌ ൜
1,െW ൑ f ൑ W	
0,			otherwise				. 

(c) (6 pt) Give the frequency-modulated (FM) signal with a modulation index ߚ, if ݉ሺݐሻ ൌ

ߨሺ2	ݏ݋௠ܿܣ ௠݂ݐሻ 

 

2. (36 pt) Consider optimum data detection for quadrature phase-shift keying (QPSK) with the 

constellation in Figure 1, where the signal vectors are given by ܛଵ ൌ ሾ൅1,൅1ሿ୘ ଶܛ , ൌ
ሾെ1,൅1ሿ୘, ܛଷ ൌ ሾെ1,െ1ሿ୘, and ܛସ ൌ ሾ൅1,െ1ሿ୘. Let ܠ ൌ ୧ܛ ൅  ,be the observation signals ܟ

for ݅ ൌ 1, … ,4, where ܟ is the zero-mean additive white Gaussian noise with covariance 

ሺN଴/2ሻ۷. 

(a) (6 pt) Label the QPSK constellation with Gray mapping. 

(b) (6 pt) Describe the maximum likelihood (ML) decision rule. 

(c) (6 pt) Show that the ML decision rule is equivalent to a minimum distance decision rule. 

(d) (6 pt) Draw the optimum decision regions for QPSK. 

(e) (6 pt) Describe the maximum a posteriori probability (MAP) decision rule. 

(f) (6 pt) Explain why the MAP decision rule is usually a better choice than the ML decision 

rule, and under what condition the two decision rules are equivalent. 
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Figure 1: QPSK constellation 

 

3. (18 pt) Consider a sinusoidal signal with random phase, defined as 

ሻݐሺݔ ൌ ܣ ⋅ ߨሺ2	ݏ݋ܿ ௖݂ݐ ൅  ሻ߆

where ܣ and ௖݂ are constants and ߆ is a uniformly distributed random variable over the 

interval ሾെߨ,  ሿ, given byߨ
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௵݂ሺߠሻ ൌ ൝
1
ߨ2

,െߨ ൑ ߠ ൑ 		ߨ

݁ݎ݄݁ݓ݁ݏ݈݁					,	0
 

(a) (6 pt) Give the definition of the autocorrelation function and the power spectral density. 

(b) (6 pt) Find the autocorrelation function of ݔሺݐሻ. 

(c) (6 pt) Find the power spectral density of ݔሺݐሻ. 

 

4. (14 pt) Consider the waveforms of four signals sଵሺݐሻ, ,ሻݐଶሺݏ  .ሻ in Figure 2ݐସሺݏ ሻ andݐଷሺݏ

(a) (8 pt) Use the Gram-Schmidt orthogonalization procedure to find the orthonormal basis for 

this set of signals. 

(b) (6 pt) Express each of these signals in terms of the set of basis functions found in (a). 
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Figure 2: Four waveforems 

 

5. (14 pt) Consider the following four passband signals, and determine which one is phase-shift 

keying (PSK), differential phase-shift keying (DPSK), quadrature amplitude modulation (QAM) 

and frequency-shit keying (FSK). 

(i) ݏ௜ሺݐሻ ൌ ቐට
ଶா್
்್
ܽ௜ܿݏ݋ሺ2ߨ ௖݂ݐሻ െට

ଶா

்
ܾ௜݊݅ݏሺ2ߨ ௖݂ݐሻ ,				0 ൑ ݐ ൑ ௕ܶ

݁ݎ݄݁ݓ݁ݏ݈݁			,0
, ݅ ൌ 0,േ1,േ2,… 

(ii) ݏ௜ሺݐሻ ൌ ቐට
ଶா್
்್
ݏ݋ܿ ቀ2ߨ ௖݂ݐ ൅ ሺ݅ െ 1ሻ ଶగ

ெ
ቁ ,				0 ൑ ݐ ൑ ௕ܶ

݁ݎ݄݁ݓ݁ݏ݈݁			,0
, ݅ ൌ 1,…  ܯ,

(iii) ݏ௜ሺݐሻ ൌ ቐට
ଶா್
்್
ݏ݋ܿ ቀ2ߨ ቀ௡೎ା௜

்್
ቁ ቁݐ ,				0 ൑ ݐ ൑ ௕ܶ

݁ݎ݄݁ݓ݁ݏ݈݁			,0
	 , for	a	fixed	integer	݊௖, ݅ ൌ 1,2, … 

(iv) ݏଵሺݐሻ ൌ

ە
۔

ටۓ
ா್
ଶ்್

ߨሺ2ݏ݋ܿ ௖݂ݐሻ ,				0 ൑ ݐ ൑ ௕ܶ				

ට
ா್
ଶ்್

ߨሺ2ݏ݋ܿ ௖݂ݐሻ,				 ௕ܶ ൑ ݐ ൑ 2 ௕ܶ

	; ሻݐଶሺݏ		 ൌ

ە
۔

ටۓ
ா್
ଶ்್

ߨሺ2ݏ݋ܿ ௖݂ݐሻ ,				0 ൑ ݐ ൑ ௕ܶ												

ට
ா್
ଶ்್

ߨሺ2ݏ݋ܿ ௖݂ݐ ൅ 				,ሻߨ ௕ܶ ൑ ݐ ൑ 2 ௕ܶ

 


