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Part A #%£ (50 4)

1. (10%) The binomial random variable X has probability mass function (PMF)

P, (x)=(i)(l/2)’. Let x4, and o, denote the expected value and standard

deviation of X, respectively.
(1) (5%) Please find u, .
(2) 5%) Please find Pluy -0, SX<u,+0,1].

2. (10%) Xis a uniform random variable with parameters -5 and 5. Given the event

{4=|Xx|<2}.

(1) (5%) Please find the conditional PDF £, (x).

(2) (5%) Please find the conditional variance Var{X]4].
3. (5%) Random variables X and Y have the joint PDF

2 0sy<x<l,
Ler(59)= {0 otherwise.

(1) (5%) Please find f,, (w), where W=X7Y.
4. (15%) Let the random vector X =[x, x,]”. The PDF of X is

2 x20, x,+x,<1,
fx(x)={ ' :

(1) (5%) Please find the expected value vector E[ X ].
(2) (5%) Please find the correlation matrix R, .
(3) (5%) Please find the covariance matrix C,.

0 otherwise,

5. (10%) Moment generating function.

- (1) (5%) X is an exponential random variable with moment generating function

A .
Px(s) = A5 Please give the general expression for the nth moment of X,

(2) (5%) Let K,,...,K, denote a sequence of iid Bernoulli (p) random variables,

1-p k=0,
where each K has probability mass function B, (k)= p k=1,

0 otherwise.

Let M =K, +K, +---+K, . Find the moment generating function ¢,,(s).
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1. (6%) Determine if each of the following functions is a bijection from R to R.

(a) (2%) f(z) = -3z +4. (True/False)
(b) (2%) f(z) = =322 +7. (True/False)
(c) (2%) f(z) = (z+1)/(z+2). (True/False) .

2. (6%) Find all solutions, if any, to the system of congruences.

z =5 (mod 6)
z =3 (mod 10)
z = 8 (mod 15)

3. (6%) Let an be the n-th term of the sequence 1,2,2,3,3,3,4,4,4,4,5,5,5,5,5, ..., con-
structed by including the integer k exactly &k times. Show that a,, = L\/ 2n + %J .

4. (6%) Please answer the following questions in regard to well-ordering principle.

(a) (3%) Define or formally explain the term of "well-ordering principle".

(b) (3%) Please use the well-ordering principle to show that if z and y are real numbers
with z < y, then there is a rational number r with z < r < y.

5. (6%) Consider a sequence defined by ap = 1, a; = 2, and a, = an-1 X G-z, for
n=23,4,..
(a) (3%) Design a recursive algorithm to find the n-th term of this sequence.

(b) (3%) Design an iterative algorithm to find the n-th term of this sequence.
6. (10%) Please answer the following questions in regard to graphs:

(a) (2%) Define or formally explain the term of "bipartite graph".
(b) (2%) Define or formally explain the term of "isomorphic simple graph".

(c) (2%) How many non-isomorphic connected bipartite simple graphs are there with
four vertices ? '

(d) (2%) How many non-isomorphic simple connected graphs with five vertices are
there, when no vertex of degree is more than two?

(e) (2%) How many non-isomorphic simple connected graphs with five vertices are
there, when being non-planar?

7. (10%) Solve the simultaneous recurrence relations
an = 3an—-1 + 2bn—1
bn = Op-1 + 2bn—1
with ag = 1 and bo = 2.
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Part C_#k: 50

. (7%) Let A and B be similar matrices. Prove that det(A — AI) =det(B — AI), where

A is any scalar and det(.) is the determinant of the indicated matrix.

. (7%) Let A be a nonsingular n x n matrix with n > 1, and let det(A) and adj(A) be the

determinant and the adjoint of the matrix A respectively. Prove that det(adj(A)) =
(det(A))™L.

. (8%) Let E = {u;,u3,u3} and F = {by, by}, where

and
b; = (1,-1)7, by=(2,-1)T.

For the linear transformation L(z) = (71 + T2, 71 — 23)7 from R to R, find the matrix
representing L with respect to the ordered bases E and F.

. (8%) Let A = (a3, ay,...,a5) be a 4 X 5 matrix, and let U be the reduced row echelon

form of A.
1020 -1 2 -1
o010 -2 1 . 2
0001 5 ["H7 | =3["%71| 3
0000 O -2 1

(a) (3%) Find a basis for N(A), the null space of A.

(b) (5%) Given that xg is a solution of Az = b, where b = (0,5,3,4)7 and zo, =
(3,2,0,2, O)T. Please determine the other remaining column vectors of A.

. (10%) Con51der the inner product space C[0, 1] with inner product defined by < f,g >=

fo f(z)g(z)dz. Let S be the subspace spanned by two vectors 1 and 2z — 1.

(a) (2%) Show that 1 and 2z — 1 are orthogonal.

(b) (8%) Find the best squares approximation to 1/Z by a linear function function
from the subspace S.

. {10%) Use the eigenvalues approach to find the solution to the initial value problem of

the following linear differential equations:
v = —2y2 + i + 2y
Y =20+ 2 — v
1(0) =1, 42(0) =0, 1(0) = -3, y,R(0)=2




