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— ~ (5%) If F(s) is the Laplace transform of f(t), denoted by F(s) = L{f(t)}, find the inverse
Laplace transform £~! {F(as + b)} in terms of f(t), where a > 0 and b # 0.

= (5%) Solve )
ym=ww4AfW%mw,mm=L

2 -5
1 -2}

@ ~ (5%) Consider the non-homogeneous linear system z’ = Az + e*ty, where z is a vector con-

(5%) Let

i

A =

Compute e,

sisting of functions in ¢, « is not an eigenvalue of 4, and v # 0 is a constant vector. Find a
particular solution of the system, in terms of A, o, v and t.

A~ (10%)
(=) (5%) Determine the Fourier series coefficients (a,,b,) of the function ft) =t u(t)
expanded over the interval (—m, 27), where u(t) is the unit-step function.

(=) (5%) If the coefficients (a,, b,) from & ~ (—) are also the Fourier series coefficients
of some function expanded over the interval (-2, 4), find the function in terms of 7).

7~ (10%) Solve the following boundary value problem for f(z,t) withz >0and 0 <t < 10

0? 0
5al @1 = 35-f(z,1),

=0, f(0,t) =4cos(rt)
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+t ~ (12%) Given y1(z) = z” is one solution of the homegeneous 2nd order linear differential
equation z%y” — 5zy + 9y = 0.
(=) (2%) Derive its characteristic equation in terms of parameter r.

(=) (3%) Let yo(z) = v(z)ys (z) be another linearly independent solution. Determine the
governing differential equation of v(z).

(=) (3%) Find v(z) by solving the differential equation in £~ (=)
(w) (4%) Apply the method of variation of parameters to find a particular solution of
y//_§y1+%y:zz R
/A~ (8%) Solve the differential equation (22 — 1)y" — 6zy’ + 12y = 0 by power series of the form
y(z) = Z;io CaZ™.
(—) (2%) Find the recurrence relation of Cn

(=) (4%) Find the two linearly independent solutions. Write the first three nonzero terms
of each series if it is an infinite series.

(=) (2%) Find the guaranteed radius of convergence.

7t~ (10%) A system of linear equations has unknown coefficients which can be expressed with the
real variable a. The system is as follows

1 a 0 g} 0
0 1- 0,2 1 Ty = 0
0 0 1+ Cl2 Z3 0

Please determine the value of a for the system to have nontrivial solutions.

+ + (7%) Let-A be an n x n matrix. Assume 01 2 -+ 2 0, are singular values of A. For any z # 0
(element-wise not equal to), what is the relationship between oy ||z||,, o, ||z],, and |Az]l,,
where ||z, denotes the Euclidean norm of vector z7 Justify your answer algebraically.

t— > (8%) Given n x n positive definite matrices A and B, for any z # 0, derive the expression to
find the smallest value of det ( %—}“;—f). What is this smallest value? Find the expression for z,
or function thereof, to achieve this minimum value.
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+=> (15%) Let P; be the set of all polynomials of the form ag + a1z + agx? + a3z®, where ag, a;,
ap, and a3 are real numbers. Assume T : P; — P is a linear transformation with

T (ao + a1z + a22” + a32°) = (ag + a3) + (a1 + ao)z + (a2 + a1)z® + (ag + ap)z®
(—) (6%) Find the range and null space of T.
(=) (4%) Assume any polynomial p(z) € P; can be represented as
p@)=zi-1+z - (1+z)+25-(1+z+3%) + 24 (142 +2° + 2% _
and its corresponding polynomial T(p(z)) is represented as
T(p(z)) = - 14y - (1+2)+ys - (I+z+2%) +yg- QA+ z+2> +2%).

Please find the corresponding matrix M such that

Y1 1
Y2 - M Z3
Y3 Z3
Ya Z4

(=) (5%) Please find all polynomials that map to 1 + 2z + 222 + z°. That is, please find
all p(x) such that T(p(z)) = 1 + 2z + 222 + 5.




