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1. Find the solutions of the following equations:

ol

2% @ 3G +5y"(x) + 3y’ () — 9y(x) = 0 | 2
2% ® x3y""(x) + x%y""(x) — 2xy' (%) + 2y(x) = 0 [ ’”
3% © y"'(x)+y(x) =5e*sinx f: .
2. Let {¢n} be the set of orthogonal polynomials that corresponds to the positive weight function w(x) on I
the finite interval (a,b). / F*
f; w(x) - pnp(x) - pp(x) - dx = {%n Z ;:t i, where C, is a constant. Lj{

Let w be of the form w(x) = (x — a)*(x — b)#, where a>-1, B>-1.

bd
(a) Evaluate fa - [(x —a)(x — b)¢'n(x)w(x)]Q(x)dx,
for every polynomial Q(x) of degree less than n.
8% (b) Show that

(X - a)(x - b)¢,,n + [(2 +a+ B)x - a(l +* B) - b(l + a)]¢,n = An ’ ¢n-
Also find the the proportional constant Ax.

5%

9% 3. You are given
(@) Asetof functions Un(X)=x",n=0, 1, 2,...
(b) Aninterval (0,00),
(¢) A weighting function w(x) = xe™™*.
Construct the first three orthonormal functions from the set un(x) for this interval and this
weighting function.

5% 4. The Legendre polynomials Py(X) are orthogonal with respect to the weight function w(x)=1 on the
ontervl (-1,1) and

2
2n+1

I1Bl12 = [2, 1By ()] dx =

, where n>0.

Po() =1, Pi(x) =z Py(x) =%(3x2—1),....

Therefore, the coefficients in the Fourier-Legendre series,

Z) CaPo ()

for an arbitrary function f{x) are given by

1
2n+1ff@ﬁﬂ@dn n=0.
—1

C, = >

Now, it is given that

X, 0<x<1
f@):%,—1sta

Find the Fourier-Legendre series for f{x).

5. Find the directional derivative of f(x, y,z)=+/x*+y*+2z* at P:(1,1,1) in the direction
a=[1,2,0]. (9%)

7

6. Find the eigenvalues and the corresponding eigenvectors for the matrix |: 9

} (12%)
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7. A periodic function f(x) may be expanded as the complex Fourier series: f (x) = Z c,e * 5

S n=-w

/ .

| < where L is the spatial period. You have to find, first, the general expression for ¢, and then apply it
| — to find the « ' ies” for the function f(x) shown below. (12%)

/(%)

A

NANAA S
A INaA%

Kl 0
— %) 5f2(y)
8a) Consider the following equation & +

H(x) Hr()

where f; (x) and f5(y) are regarded as a real valued function of x and y. Are the

= constant ,

£ f(x) ifz()’)
& andthe 2 necessarily a constant of x and y? Give reason.  (6%)
Si(x) HL(»)

ifl(x,y) sz(xay)'

8b) Consider the following equation 2~ o = constant ,
, H(x,) fa(x, )
0
if1 (x,y) a_fz(X,y)
arethe @&~ apndthe 22— necessarily a constant of x and y? Give reason. (7%)
S1(x,¥) f2(x,¥)

+i
9) Given a complex function L , find the definite integral _[ 1%
z

4 .
—i

a) along curve C; of the semi-circle centering at (0,0) im

and of radius equal to 1. The direction of the

4
integration is counterclockwise.(See the
accompanied figure)  (5%) G2 1

b) along curve C; on the left side of the semi-circle > Re
in the figure. The direction of the integration is
clockwise this time.  (5%)

c) Will the result of this definite integral have the same .

value as part (a) or part (b) if the integration limits

remain the same but the path and the direction of integration is changed to C; as shown in the

figure. Give reason regardless of the answer is Yes or No. And, if the answer is No, can you find
its value?  (5%)

d) Repeat part (c) with curve C4 and the direction of integration as indicated in the figure.  (5%)
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