@i*%K%%%$E@fﬁ#ﬁA$aﬁ%

pio) BMIEEAGEE CE(ANES)(— L) HE EE® 2 2§ z | =
AAEARERYHESR AR EE

MFHaT ABR CE8f F—HH 505 £RA50HE RELEEEN B ALY
BREMBIE » REWE  FANAEMREZHHH R -

Part A i & (50 29

1. (iS'i/]:_) Let X be the random variable of the duration in minutes of a telephone
conversation. The probability density function (PDF) of X is modeled as

-x/3
e.r

fx(x)={ 3 x20,

¢ otherwise.

(1} (5%) Find the cumulative distribution function (CDF) F, (x).

(2) (5%) What is the probability that a telephone conversation will last between 3
and 6 minutes? :

(3) (5%) For calls that last at least 3 minutes, what is the conditional PDF of the
call duration? ‘

2. (15%) Random variables X and ¥ have Jjoint PDF
f‘zr(x,y)___{cxy OSxSI,O'SyS.l.
0 otherwise,

where ¢ is a constant,
(1) (5%) Find c.
(2) (5%) What is Var[X]?
(3) (5%) What is the covariance of X and ¥ (Cov[X,}])?

3. (16°%)  The random  vector X=[X, X, X,]" has PDF

fx(x) = {6“"_ 220 here a=f12 37"
otherwise. ’

(1) (5%) What is the marginal PDF ¢, PACHYS

NeW

(2) (5%) Are the components of the random vector X independent? Please give
the proof. '

4. (10%) Random variables X and ¥ have the joint PDF

6y 0Ly<x=<]
e (6, ¥) = .
Ter (3.7 {0 otherwise,

=

(1) (5%%) What is the CDF of the random variable X7

| @ 6%) Whatjs_'_P{b(X_Jz)]?
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Part B ##t 3% (50 4)

1(5%)  Find the coefficient of x*%® in (x + y + 7)"2 .

2(5%)  Please find out how many zeros at the end of 100! .
[For example, there are two zeros at the end of 105500.]

3 (10%) Consider the polynomial fx)=4x*+3x ~9x’~6x+2, which clearly has integer
coefficients. Please find out all of irrational roots in this polynomial.

4 (10%)  Find all solutions to the system of congruences.
x=2(mod 3)
x =1 (mod 5)
x=3(mod7)

5 (10%)  Please prove O(n*) o(5™.
[Note that the symbol ‘@’ indicates “Big-0.”]

6 (10%) Solve a,=3a,,-4, @p=3, using generating functions (GF). _
{Note: please use GF to solve this question; otherwise, no score will be given.]
(a) (5%) After applying GF to this relation, what is the equation of G(x)?
(b) (5%) Solving for G(x), what is the a,?

Part C gﬁﬁg (50 &)

1. (10%) Let W; and W, be two subspaces of o vector space V. Prove that W, UW, is a subspace of
V' if and only if W, € W or W, C .

2. (6%) Let V be a vector space, and let S; € 8, C V. Prove that if S; is linearly independent, then
Sy is linearly independent,

3. (10%) Let V and W be vector spaces and T : V' — W be a linear transformation. Suppose 8 =

{v1, 02, v, } is & basis for V and T'is one-to-one and onto. Prove that 7'(j) = {T(w), T(w),- -, T{v,)}
is a basis for W,

4. (6%) Let V be an inner product Space over R. Prove that for all z,y € V, 4z, y) = lz+y)?

—llz—y|?
where (, ) denotes the inner product.

5. (6%) Let T be a linear Operator on an inner product space V and 7™ denote the adjoint of 7. Let
[/ =T+ T"*. Prove that I/ = o+

6. (12%) Let T be a linear operator on a finite-dimensional inner product space V. Prove that if .
(T(x), T()) = (z, y} forall z,y € V, then I1T(z)|| = ||z|] for all z € V.
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