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Ordinary Differential Equation (25 %)

1. Consider the mass-spring system as shown in the figure. Assume .
that there is no damping and that no external force is applied to the
system. Suppose that the upper weight is pulled down two units
and the lower weight is raised one unit, then both weights are
released from rest simultaneously at time ¢ =0,

(1)Please derive the system of two second order differential
equations governing the position of the weights relative to their-
equilibrium positions at any time ¢=0, Note that only the
system of differential equation is required. (5%)

(2)Please convert the system of two second order differential
equations, you have obtained in (1), into a system of four first -
order differential equations. (5%)

(3)Let the system of four first order differential equations - be

writtenas X' = AX . Determine 4 and X (0)? (5%)

(4) Determine the eigenvalues of A . (5%)

2. Given

sw)=w 3 U
m=0 2

Imtv mT(v+m+ 1)

where J, (X) 18 known to be the Bessel function of the first kind of order v,and I' the

Gamma function. Show that

2
Tya(x)= \/;- sinx, (5%)

Note that you may directly use F(l/ 2) =r without proof.

Linear Algebra & Vectgr Calculus (25 %)

3. Using Green'’s theorem, evaluate the line integral c{F(r)dr counterclockwise around the boundary

C of a closed region R, where _
F =[x cosh(2x), ¥’sinh(2y)], R: 2* < <. (10%)

4. Evaluate surface integrals HF'“dA for the following data:
S

F =[6x*,4y*,0] S: r =[u, v, 3ut6v], 1 < w <2,-2 <v <2, (15%)
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Fourier Analysis, Partial Differential Equation and Complex Analysis (25 %)

5. (@) Expand flx) =x+ T, -r<x<7rina Fourier series. (7%)

(b) Use the result of(@tofind I-—+=——+ = (39%)

6. (a) Solve the wave equation

a2§2-6%10< <L t>0
ax2 atZ ’ X 7’
u©,)=0,u(L,)=0,t>0 ‘

ou
u(s, 0)=f), o =0,0<x<L (10%)

(b) Show that the solution of (a) can be written as u(x,t)= [f(x+at )+ fx-at . (5%)
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