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. (20 %3: Fixed-point iteratlon)
Let # € Cla, 5] be such that F((a,d])) < [a,b). Suppose that F* exists on [a, b) and a positive constant
k < 1 exists with [F'(z)f < & for all # € [a,8]. Then F has a unique fixed point p in [a, 8],

(a) Show that for any py € {a, ], the sequence {p,} defined by p, = F(pn~1), n > 1, converges to
the unique fixed point p of F' in [a, b].

(b) Suppose, in addition, that F* is contmuous on [a,d) and F'(p) &£ 0. Show that {p,} converges
linearly to p.

. (20 #: Divided differences)
The following data are given for a polynomial P(z) of unknown degree:

x 0 1 2
Pa)| 2 | -1 1 4

Determine P(z) if all third-order forward differences are 1. (Hint: The Newton forward-difference
formula for function f (a:) i8 Pu(z) = Zk..u( )A"‘ f{mo), where Py(z) is the nth Lagrange polyno-
mial and & = x4 + sh.)

. (10 4}: Numerical differentiation)

~ Assume that f € C[zq ~ h, % + h]. Using Taylor's theorem to derive the following three-point

formula for approximating f*(xzo):
_ _ 2 L
(g = fg{f(mu ~ kY — 2f (@) + f(xo + h}} - %f""({), for some £ € (zp — h, xg -+ A).

. (10 4: Gaussian quadratura)
Determine constants a, b, ¢, and d that will produce a quadrature formula

f F(£)dE = af (=1) + bF'(=1) + ef (1) + dF'(1)

that has degree of accuracy (degree of precision) 3.

. (20 43: Error estimates for the approximate solution X of Ax = b)
Let A € R**® be a glven symmetric and positive definite matrix, and b € R" be a given vector Let
0 < dmin € A2 €07+ £ Anct € Amax be the n real eigenvalues of matrix A,

(2) Show that the condition number X(A) of the nonsingular matrix A relative to the norm |- {]; is
)‘m&x

}C{A) = )'lmiﬁ

(b} Suppose that X is an approximation to the solution of Ax = b. Show that

||x”;”3:||2 < (’;‘m:x)_||||]1:;||||5;r provide x 3 0 and b 0,

where r is the residual vector for X.

. (20 %3: lterative technique for solvlng Ax =b)

Let A = {a;;] € R™", g;; # 0,fori=1,2,-++,n, and b € R", The basic concept of iterative methods
for solving the system of linear equations Ax = b is to convert the system into an equivalent system
of the form x = Tx + ¢ and lead to the iterations

x® = Tx*Dpe fork=1,2, .

(a) Let A= D~ L ~ U, where D is the diagonal matrix of A, ~L is the strictly lower-triangular
part of A, and —U is the strictly upper-triangular part of A. Find T and ¢ for the SOR, method.

(b) Assume, in addition, that A is & symmetric and positive definite matrix. Please give a necessary
and sufficient condition on the parameter w in the SOR method to ensure the convergence of
the.method for any initial guess x(® € R",
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