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(1) (25 points)

(a) (5 points) Describe the Frobenius’ method (or series method) to solve an ordinary differential
equation.

(b} (10 points) Find the solution of the hypergeometric equation near ¢t = 0

t(t a)dt2+(3t a) +o: 0

(c) (10 points) Find the second solution of the above equation.

[Hint: assume the second solution can be expressed as a(t) = z1(t) f(t), where z;(f) is the
solution found in (b).]

(2) (25 points)
Solve the one dimensional inhomogeneous wave equation

O%u 0 | —
Tl +Z @ sin(2kt) sin(kz),

with the boundary conditions u(t,0) = u(t,n) = 0, and initial conditions 4(0, z) = sin(2x) and
u(0,z) =

[Hint: expand u in a Fourier sine series of z, i.e., let u(t,z) = rey fr(t)sin(kz).]

(3) (20 points)

(a) (10 points) Mathematically, what is the meaning of a conservative vector field F? Find out
which of the following forces is/are conservative?
Fi=-zé; —yé, —22¢,,
Fp = —z/r3é, ~y/rae +2z/r3¢,,
F3=—g/r3é, — y/'r &y —2z/r38,,
where r? = 22 4 y? +zg

(c) (10 points) Find the potential of the conservative force

(n -1) coseslnq)/r" ér+ 51n651n¢/r" &g — cot B cos p/r™ ég,

where r? = 22 +y2 + 22 and &, &, &4 are the unit vectors of the coordinate axes in spherical
coordinates.

(4) (15 points)
Find the eigenvalues and eigenvectors of the matrix

1 0
z z
0 1

and discuss the cases when £ =0 and z = 1.

(5) (15 points)
2m d¢
I=/(; (1+acosd)?”

Evaluate the integral (a® < 1)
[Hint: use Cauchy’s integral formula for the nth derivative of a function, which states that

8 o8

nlf(2") dz’
2 Jo (2 — 2+

) =

where z is inside the contour C and f(2) is analytic inside C}




