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Please box your final answer!|

1. (one-dimensional simple harmonic oscillation, 20 points) Let us quantum mechanically
consider a particle of mass m in a one-dimensional simple harmonic oscillation (SHO) with
classical natural frequency @ . The Schrodinger equation of the SHO System is written as .

» d?

HQ" =|r——2—';;;2-+§mwzx2:l¢,, = EI,,?,,:": 0,1,2,-.-

The normalized wave function of the ground state of the system is known

H .
as@,(x) = ( —’%J exp(—-';—;’x’) -Attime f21,, the potential of the SHO is abruptly changed

so that the natural frequency of the SHO becomes @’ =3@. (a) Show the wave function of the
ground state of the new SHQO system. (b) What is the probability that a measurement of the
energy returns the value /2 9 (c)What is the probability that a measurement of the energy at
¢ =1, would return the value 34w /29 (A useful formulation for this problem;

Jerpry =,

2. (three-dimensional infinite potential well, 15 points) Consider a particle of
massm confined in a “quantum box” with the following infinite confining potential:
VX, 3, 2) =V, () +V,(») +¥,(2),
0, O<a<l,

y &=X,¥,z;L_istheside] of the box.
o, otherwise x, ¥,z ; L, is the side length X

where V, () =_-{

Let us consider the “particle in a box™ problem in the Cartesian coordinates and label
the eigen states and the eigen energies as [ n,n, n,) and E » respectively,

A Ty iy

where the quantum number n, =1,2,3...corresponds to the confinement in the
& ~directions and increases in order of increasing energy. '

(2) Find the eigen energy of the state (5 =2, n,=ln = 2) for a cubic box with
L, =L =[ ma

(b) Find the degeneracy 8, of the electronic shell of the energy E,,x,,z_,,y,lv,,'_2 for the

E . st an g
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cubic box in (a).

(c) Consider a rectangular box with I, = L,=a,L =2q.Findthe degeneracy of the

electronic shell of the energy E,,, =2,n,=ln =2 .

3. (Hydrogen atom, 15 points) Consider a state of Hydrogen atom with the energy ~—3.4eV,
(a) Find the degeneracy of the electronic shell of the state. (b) List the all possible values of the.
Z-component of orbital angular momentum of the electronic shell, (¢) Find the energy of the
emission line in the Lyman series involving the state. '

4. (variational principle,'ls points) Please use the variational principle to prove that all
one-dimensional attractive interactions allow for at least one bound state. (Hint; An attractive
potential can be defined as a potential that both vanishes at x=1w and obeys V(x)= —]V(xj

for all x. One commonly used trial wavefunctionis y, (x}= (a/z)te=rlr )

5. (degenerate perturbation theory, 15 points) Piease calculate the Iowest-order_ energy
correction to the first excited state(s) of a three-dimensional infinite potential well, '

0, O<x,y,z<a ] Voo if0<x,y<af2
V 2 ¥ = » t peltulb tl H' =
(x Y z) {oo, otherwise due to ation {0, otherwise

6. (WKB approximation and noun-degenerate perturbation theory, 20 points) It is
known that the eigenvalues for an exactly-halved simple harmonic potential,

X forx > x, 1) [K
Vi)=12%" ? wherex, =0, are(n+—-) = withn being just odd
©, forx<ux, 2¥m
integers
(2) When0 = X, << (Km)% » please find the first-order {inx, ) correction to the

eigenvalues by the WKB approximation.
{b) By shifting the coordinate when x, 20, the potential can be rewritten

X

asV(x)= ‘2‘("""‘0)2’ forx20 Now-l-{-@xxo +x7) can be viewed as a
o0, forx<o0 2

perturbation H' to the exactly-halved potential. Please uge the perturbation

formula to estimate the first-order correction to the ground-state energy and

compare with your answer in (a).




