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PLEASE READ THIS SHORT MESSAGE FIRST: :
Piease work out the following problems in detail, otherwise put down how you may proceed. Attempt

as many problems as you can but spend your time wisely. Please pay attention to the score of each
problemn. Good luck!

(1} (28 points) Consider the three dimensional heat equation
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What is I{ usually called and what is the dimension {or units) of I(?

The coaling of a sphere of radius It is governed by the heat equation above. The surface of the sphere
is kept at T = 0. If the initial temperature distribution of the sphere is T{t,r) = T, sin{xr/R)/r,
what is the temperature distribution at time t? [Hint: Try T(¢,r) = T1()T2(r)/7.]

(2) (25 points) What is the name of the lollowing equation?

1
£(z) = g{z) + A [D K(z,y)f(y) dy

where g(z) and K(x,y) are prescribed functions, and f{z) is unknown. Find f{z) if
(a) g(x) = e® and K (z,y) = '*~¥), and
(b) g{x) = ¢* and K(z,y) = c!* M H({z —y), where H(z —y} = lif ¢ > yand H(z —y) = 0if z < y.

(3} {25 poiuts) A string of uniform linear density p is fixed at # = 0 and £ = L. The tension on the
string i3 7. The displacernent y(t, ) of the string is governed by
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What is the name of this equation? Suppose that y oc ¢, caleulate the eigenfrequencies and the
normalized eigenfunctions of the string.

Now a small mass is attached to the siring at 2 = @ (0 < @ < L). Consider the mass as a small
perturbation to the above system, compute the first order correction in the lowest frequency.

[Hint: If a lincar differential operator H can be written as a sum of an unperturbed patt Hy and
a perturbation Hy, then the first order correction to the nth unperturbed cigenvalue is given by
JunHiu,dz, where u, is the nth normalized eigenfunction of Hy.

{4} (25 points) Consider an orthogonal curvilinear coordinate system (€,%,(). The element of the arc
length ds and the Laplacian cperater V2 are given by

ds® = RIdE® + Ridn® + Ald(?
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What is the meaning of hg, Ay and k7 Suppose (x,v, z) is a Cartesian coordinate system and

v =acoshfsinngcos{, y=acoshfsinysin(, z=asinhé cosy,

where £ 2 0,0 € 5 < w, 0 £ ¢ < 27 and a is a constant. Find he, h, and he. Sketch the coordinale
curves at ¢ = 0 in the Cartesian coordinate system. Label the constant £ and constant n curves.

A scalar function @, depends on € only, satisfies the Laplace equation, f.e., V?® = 0. Find the general
solution for .



