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EXAM ON MATHEMATICAL STATISTICS

No calaulator is allowed. The first six problems are multiple choice problem. Find out
all the statements that are correct. Please treat each of the statements as a yes-no problem.
If your answer is correct » then you get all the points. If you make four correct judgements
out of five, you get half of the points. Otherwise you get zero point. There is no penalty for
incorrect answers. For example, if the correct answer is ”abd” but your answer is "abcd”
for a problem with 10 points, you get 5 points. You don’t need to do any justification for
problems one to six. In order to get a full credit for the seventh problem, you need to write
down your calculation in order to justify your answers. The probability distribution function
of the standard normal distribution is on the last page.

L. (10%)Let X\, Xy,...... Kiyoobe a sequence of 1.i.d. random variable with a common
distribution whose probability density function is symmetric about y-axis. «%(Xl +
Xy+ Xo) converges to a normal distribution as n — co. Which of the following
can be the probability density function of X7
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for |z| < 2.

2. (10%) Let X1, X9, X3 be iid. Poisson rendom varieble with parameter A, while
Y1, Y,, Vs are i.i.d, gamma random variables with parameters (o, 8). Let X, be a Pois-

son random variable with parameter 2\, Which of the following statements MUST be
true?

(a) The statement * Cov(Xy, X4) = 20 may be true.
(b) E(X; + X4) = 3.
(C) P(X] < XQ < ‘X'Lg) = %
(d) PVi < Yy < ¥3) = L.
() Xa + X, is a Poisson random variable.
3. (10%) Let X;, X,,...... Xip be a sequence of 1.i.d. random variables that follow a

normal distribution N(u, 02). We wonld like to make inference about the mean u. Let
s be the sample standard deviation

(a) If the variance o? of the population is known, then the shortest 95% confidence
interval for ¢ we can obtain is X + zﬁ, where z is the 95th percentile of the
standard normal distribution.
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(b) If the variance o of the population is unknown, then the shortest confidence
interval we can obtain in that case is symmetric around the sample mean X.

(¢} The shortest confidence interval obtained without the knowledge of variance is
longer than the shortest confidence interval obtained with the knowledge of vari-
ance. (We consider the same level of confidence for both cases.)

(d) If the sample size is very large, then the shortest confidence interval obtained
without the knowledge of variance is approximately the same as the shortest
confidence interval obtained with the knowledge of variance. (We consider the
same level of confidence for both cases.)

(e) If the variance o of the population is unknown, we can obtain a shorter confidence
interval in the presence of more observations.

4. (16%) A communication device transmits sequences of binary digits, 0 or 1. A trans-
mission error occurs if a digit is sent as zero but received as a one, Or vice versa.
Assume that the probability of error of each digit transmitted is p,and all transmission
errors are independent (that is, the probability of an error occurring at a given digit is
independent of the outcomes of all other digits). To ensure accuracy of a message, the
same sequence of n binary digits is transmitted twice. The receiver notes the number
of digits that differ in the two received messages. For instance, with n = 8 the two
received message might be 00110000 and 00100001 , so X = 2. The fourth and the

eighth digits differ in the two message. Which of the following statements must he
true?

(a) The probability that the third digit differs in the two message is p(1—p). (In this
case, n > 3.)

(b) The probability that exactly z digits differ in the two message is (;‘) 2p(1-p)°[1—
2p(1 = p)j"~=.
(¢) When we observe a message with 7 digits, and X of them are different. We would

like to estimate p by maximum likelihood estimation. The problem can be reduced
to a problem that maximizes log (;) + X log[2p(1—p)]+ (n— X) log[1l —2p(2 -pj)].

(d) When we observe a message with n digits, and X of them are different. We would
like to estimate p by maximum likelihood estimation. The maximum likelihood
estimator for p is —n\:

(e) If a large proportion of digits are different in the two messages, then it is very
likely that p is close to 1.

5. (16%) Six tests are done for the two hypotheses Hy : p < 0, versus Hi >0 and
Ho : pp =0, versus Hy : p # 0 when samples are drawn from a normal distribution
with a known variance 0% = 100, The plots of power functions are as in Figure 1. The
six tests are

A Hy:p <0, versus Hy : p > 0, sample size n = 1.
B Hy:p <0, versus Hy @y > 0, sample size n = 4.
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C Hy:p <0, versus H, : H >0, sample size n = 100,
D Hy:p=0, versus Hitp 0, sample size n = 1.
E Hy:pu=0, versus Hy e #0, sample size n = 4.
F Hy:pu=0, versus H, : @ ¥ 0, sample size n = 100.
Which of the following are correct?

(a) Plot 1 corresponds to test A.

(b) Plot 5 corresponds to test B.

(¢) Plot 2 corresponds to test E.

(d) Plot 3 corresponds to test D.

(e) Plot 6 corresponds to test F.

6. (16%) Consider two hypothesis testing problems:

A Let X be a normal random variable with n trials and the probability p of success.
Hy:p=0.5 versus H; 1p# 0.5,

B Let X1, X5, ... X, be a random sample from an exponential distribution with the
density function f(z|6) = Gexp{—6z]. Hy . 6 =ty versus H, : 6 # .

We would like to test each of the hypothesis by a generalized likelihood ratio test
procedure.
(a) Test A: The generalized likelihood ratio always rejects for large values of X -2

(b) Test A: If n =10, then the significant level of the tests that rejects [X — 2| > 2
is between 0.08 and 0.12.

(c) Test A: If n = 100, then the significant level of the tests that rejects [X -2 > 10
is less than 0.06. (Hint: Approximate by normal distribution)

(d) Test B: The rejection region is'in the form {X exp[—6pX] < ¢} for some constant
c.

(e) The plots of the power function for both tests are symmetric.

7. Let Xy, X5, ... X be a be a sequence of i.i.d. random variable with a common prob-
ability density function

F(2]0) = 02" 0 <2 < 1,0 < 6 < co.

(a) (16%)Find 0, the MLE {(maximum likelihood estimator) of § and the variance of
@-t.

(b) (6%)Find the method of moment estimator for @
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Figure 1: Plots of power functions for six hypothesis testing problems
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Probabiilty

Table entry for z is the area
under the standard normal curve

to the feft of 2.
TABLE A

z

0.0 5000 3040

01 5398 13438

0.2 5793 3812

03 §178 627 :
0.4 6554 6591 :
0.5 €915 6930

08 7257 7291

0.7 7580  .7611

08 7881 7910

0.9 8159 8186

10 13 (8433 |
11 8643 8665 :
12 8849 9869

13 9032 9043 |
14 5192 9207

1.3 9332 9343

16 3457 9463

17 9554 3564

18 | 9641 9649

19 9713 9719

2.0 9772 9778

21 982( 9826

11 9861 9864

23 9393 9996

24 9913 9910

2.5 993§ 9940

2% 9953 3955

77 9955 9986
2.8 3974 3975

2.9 9931 9982

30 9987 9987

31 3990 9991

32 9993 9993

33 9995 19995

34 9997 3397
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