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Please answer the following questions in order!
I. Suppose X1, X2, -+, X, be a random sample from Normal(y, o?), while z and ¢? are unknown. Define two

estimators of a? as follows:

k

= i(xi - Xa)*/n and S = Y (X = X)) (n - 1),

i=1

here X, is the sample mean. Compare the mean squared errors between 57 and S5, {15%)

11. Suppose that the proportion p of defective items in a large population of items is unknown, and that it is
desired to test Hy: p = 0.4 against Hy: p < 0.4. I a random sﬁmplc of 100 item is drawn from the population.
Let Y denote the number of defective items in the sa.mplé, and consider a test procedure such that the critical
region contains all the outcomes for which ¥ < 32. Determine the size of the test (8%) and the power at p = 0.2

(4%), by using central limit theorem.

I11. For any random variables X and Y, show that the correlation coelficient between X and Y, denote by
pxy, satisfies —1 < pxy < 1. {10%)

IV. Let Xy, Xa,- -, X. be a random sample from Normal(yg, ¢}, where 4 and o? are unknown.
(1). Find a (1 — &)100% confidence interval of p.  (5%)

(2). Convert the confidence interval obtained in (a) into a level 2c legting procedure for Ho: g = o against
Hi: o # po. (5%)

V. Just give answers to the following problems. Be careful of calculations!
(1). Suppose that a point (X,Y) is chosen at random from the cirsle’S, where S={{z,y) : {(z+3)?+(y—-1)* <
13}. Then Prob(Y > 1|X =0}=7? (5%)
(2). Let X be a discrete random variable with cdf Fx(x) and Y=Fx(X). Which one of the following
statements is correct? (6%)
(a). Y follows uniform(0,1).
(b). Y is stochastically larger than uniform(0,1).

(¢). Y is stochastically smaller than uniform(8,1).

(3). In problem I, which one, 57 or 5%, is unbiased ? (5%) E(}‘\{r‘“\

(4). Let the probability p, that a family has exactly n children be ap=wh >1, and pg = 1 — ap(1 +
»+4 p* +---). Suppose that all sex distributions of n children have the same probabitity. Find the probability
that a family has exactly & boys, k& > 1. (5%}

(5). For any random variables X and Y,

(a). is X and Y — E(Y'|X) correlated or not 7 (5%)

(b). let mingx)E[(Y — g(X))*] = E[(Y — g"(X})?], then g*(X)=7  (5%)
(6). Let mingE|X —a| = E|X — a(X)|, then a(X)=7 (5%)

VI Give definitions to [ollowing statements:

(1). Chebychev Inequality (3%) (2). Weak Law of Large Numbers (3%}
(3). Central Limit Theorem {3%) (4). Cramér-Rao Inequality (3%)
(5). Neyman-Pearson Lemma (3%) (6). Lehmann-Scheflé Theorem (3%)

The End



