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1. Let f(z) be a real-valued function defined in the open interval (-1,1). Suppose that

M exists. Prove or disprove that f/(0) exists. (10%)

o0
2. Suppose a, > 0, n = L2, shn=a + -+ Qy, and Z a,, diverges. Prove that (a)

n=]

A ) 2 .
21 o diverges (b) 2;1 7 converges. _ (5+5=10%)
: sinz sinz cosz m
3. (a) Use the formula/ ——dz = 5 to show that / ~—~5~—~dx =7 (5%)
(b) Use integration by parts in (a), to find / El—r—l—ﬁdm (5%)
(c) Use (b) and sin®z + cos?z = 1 to ﬁnd/ sin’ lda;. ~ (8%)

4. Let fu(z) = 1/(1+n%?),n=1,2,---,0 <z < 1. Prove that {fn} does not converge

uniformly on [0, 1]. (10%)
13
5. (a) Find the extreme values of the real-valued function F(@1,-,20) = 3 2? under
the restriction Zn: a;x; = 1, where a;, i = 1,++-,n are fixed real numbers, by using the
=1
method of Lagrange multipliers. (10%)

(b) Are these extreme values in (a) to be points of local maximum or minimum of f?

Justify your answer. (2%)

6. A nxn matrix X is called idempotent if X2 = X. Let A and B be 1 x n idempotent
matrices.
(a) Suppose A — B is idempotent. Prove that AB = BA = B. (8%)
(b) Denote A = (a;;) where a;; = a;; 1 < 4, j < n. Prove that Zn:aii = dim(A)(=

i=1

rank(A)). (10%)

7. Let A and A* be n x n matrices. A* is said to be a generalized inverse (g-inverse) of
A if AA*A = A. Note that A* always exists but may not be unique. Assume G is

any g-inverse of A’A.

(2) Prove that G' is also a g-inverse of A’A 4%)
3 2 5

(b) Find a g-inverse of the matrix B= | 1 4 7 | . (4%)
6.4 10

(¢c) Let X be an n x m matrix, and let P and Q be k x m matrices prove that

PX'X = QX'X implies PX’ = Qx’, , (4%)

(d) Use (c), to prove AGA’A = A, (6%)

(e) Prove that AGA’ is symmetric, whether G is or not. (5%)




