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1. (15%) Show tliat a finite cyclic group of oxder n has exactiy one subgroup
of each order d dividing n, and that these are all the subgroups il has.

2. (15%) The Euler phi-function is defined for positive integers 1 by
#(n) = s, where s is the number positive integers less than or equal to n that /’
are relatively prime to 1. Show that s
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the sum being taken over all positive integers 4 dividing n. v
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3. (20%) Prove Cayley’s Theorem: Every group is isomorphic to a group
of permutations.

4. (10%) Show that if p is a prime, then Zj, has no divisors of 0.

5. (20%) Let o : Z = Zyn be the natural homomorplism given by oy, (@) =

{the remainder of @ when divided by m)} for a € Z.
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(a). Show that &, : Z[z] — Zm[x] given by

Tmlao a1z + - +anz®) = oplag) + omleJo - +oplas)z”

is a homomorphism of Z[z) onto Zy,[z].

(b). Show that if f(2) € Ziz] and Fm{f(z)) both have degree n and o (f(z))
does not factor in Z,,|z] into polynomials of degree less than n, then f(z) is
irreducible in Q[z]

6. (10%) Show that every maximal ideal of a commutative ring 2 with unity
is a prime 1deal.

7. (10%) Prove that if F is a field, every proper nontrivial prime ideal of
F|z] is maximal.
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