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1. (20%) Calculate the following summations where n, r, an s are positive integers
(a) Zieo C(n, k)
() Zizo (-1)" Cln, b)
(©) 2xeo K C(n, k)
(d) Zizo C(n, k)
(e) Zix=o C(k, r)v
() Lo Cln—, r=j)
(8) Zic=o C(r, K)C(s, n—k)

2. (20%) Find the logical equivalence relations among the following compound statements
(@) —pvgvr
(b) pv—gqvr
(c) pvgv—r
(d) p—>q)—>r
() p—>(g—r)
(D —pvgv-r
(8) prgqv—r
®) @Agr
(@) pv—gqv-r
G) —pv—-gqvr

3. (a) (10%) Find the smallest positive integer g such that 204m + 330n = g for some
integers m and n.
(b) (10%) Find the inverse of 34(mod 89); that is an integer @ such that a x 34(mod 89)
is equal to 1. Please do not just give the answer and clearly describe your process to get
the answer.

4.  (a) (10%) Find a recurrence relation for a,, the number of ways a sequence of 1’s and 3’s |
can sum to ». For example, a4 = 3 since 4 can be obtained with the following sequences:

1111 or 13 or 31. Let  be the real number such that lima, / a” =1. Estimate the value

of awith 1 digit to the right of the decimal point. ,

(b) (10%) Find and solve a recurrence relation for the number of n-digit quinary
sequences that have an even number of 0’s (quinary sequences using only the digits 0, 1, |
2, 3, 4). Use your result to compute the number when n = 100.
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(a) (10%) A directed graph is called a directed complete simple graph if for every two
vertices u and v in the graph there exists one and only one directed edge fromu to v or
from v to u. Prove by induction: for all integers n > 2, the directed complete simple
graph on n vertices has a directed path that passes through every vertex of the graph
exactly once.

(b) (10%) A graph G is said to be planar if it can be drawn on a plane without any
crossovers and the drawing divides the plane into regions. Intuitively, the regions are the
connected portions of the plane remaining after all the curves and points of the plane
corresponding, respectively, to edges and vertices of G have been deleted. The vertices
and edges incident with a region make up the boundary of the region. If G is connected,
then the boundary of a region is a closed path in which each cut-edge of G is traversed
twice, and each non-cut-edge is traversed once. When the boundary contains no cut
edges of G, then the boundary is a cycle of G. The degree of a region is the length of its
boundary. Fill in the blanks for the following three paragraphs about graphs and planar
graphs: :

Suppose that af‘gxflaph G has 2 vertices of degree 4, 4 vertices of degree 3, and 2 vertices
of degree 5. Then G has __ edges.

If a planar conne{:ted graph G has 5 regions of degree 4, 11 regions of degree 5, 2 regions

of degree 7, 2 regions of degree 8, and 1 regions of degree 9, then G has edges
and vertices.

If a planar graph G has 15 vertices, 19 edges, and 8 regions, then G has

connected components,
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