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1. LetA, B, and C be independent random variables with distributions indicated below:
P(A=1)=05PA=2) =06
P(B = =3) = .25,P(B =—2) = 0.25,P(B = —1) = 0.25,P(B = 1) = 0.25
P(C= 1)=10.5PB(C = 2) =04, F{C=3) = 0.1
What is the probability that Ax* + Bx + C has real roots? (15 points)

2. Consider a factory manufacturing a metal rod of length t. Suppose that the number of defects appeared on a
metal rod is Poisson distributed with mean A
times the length of the rod and , moreover, the numbers of defects appeared on non-overlapping sections on the
same rod are independent. Let E,, be the event that exactly one defect occurred in each of the sub-intervals b;
and no defect occurred in any of the sub-interval a;. Figure 1 illustrates how 2m + 1 arbitrary sub-intervals a;

and b; partition the length [0, t].
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We wish to determine the probability that E,, occurs given that exactly m defects occurred in [0, ¢],i.e., | =~ -~

P(E,,| m defects in [0, t]).

(a) What is the probability that exactly m defects occurred in [0, t]. (4 points)
(b) Determine P( E,;) (8 points)

(c) Determine P(E,,| m defectsin [0, t]) (8 points)

3. Two emergency response units, unit A and unit B, patrol uniformly and independently a 10-km stretch of road. An
emergency incident occurs on the road and its position is uniformly distributed, independent of the positions of
the response units. The incident requires both response units to be dispatched to the scene. Assume that response
speed is fixed at 10 km per hour and U-turns are permitted.

(a) Determine the mean travel time for unit A to reach the scene. (5 points)
(b) Determine the mean time unit the first unit (either A or B) reaches the scene. (5 points)

(¢) Determine the pdf for the time until the second unit reaches the scene. (5 points)

4. The midterm and final exam scores of 10 students in a statistics course are tabulated below. Let {x;}s be the
midterm exam scores and {y; }s be the final exam scores. We wonder whether the score in the final exam is 10
points higher than the score in the midterm exam, therefore we conduct a test on it.

Midterm (x;)| 70 | 74 80 84 | 80 67 70 64 74 82

Final () 87 | 79 | 88 | 98 | 96 | 73 | 83 | 79 | 91 | 94

(a) Please set up the appropriate hypotheses. (2 pts)

(b) What is the test statistic and its distribution? (4 pts)

(c) At o=0.05, what is the rejection rule, and what is the critical value? (4 pts)

(d) Please calculate the value of the test statistic based on the scores provided above. What is the corresponding

p-value? (5 pts)
(e) Ata=0.05, what is your conclusion, and why? (3 pts)
(f) Use “Least Squares Method” to calculate the “least squares regression line” for these data. (6 pts)
(g) If Sean got 75 points in the midterm exam, how many points would you expect he will get in the final exam?

Please provide a point estimate and an interval estimate.(6 pts)
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5. An experiment was performed to investigate the effectiveness of three materials. Five samples of each material
were tested and the failure times (in seconds) are shown below:

Material Failure Time (seconds)
A 102 100 97 115 96
B 94 108 98 110 114
C 120 145 138 136 139

(a) Use a=0.05, do all three materials have the same effect on the mean failure time? (8 pts)
(b) Please develop the 95% confidence intervals of the mean failure times for three materials separately. (6 pts)
(c) Construct a graphical display of three confidence intervals developed in (b). When we do pairwise

comparison, at (x=Q.OS , does there exist any significant difference on mean failure time between any pair of
materials? (6 pts)
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Entries in the table give ¢ valucs for an .
area or probability in the upper tail of
Areaor the ¢ distribution. For example, with 10
probability degrees of freedom and a .05 area in the
upper tail, 4, = 1.812. t
;.‘
| 2
0 t
Area in Upper Tail
Degrees & e
of Freedom .10 .05 .025 0t 005
| 3.078 6.314 12.706 31.821 63.657
2 1.886 2.920 4.303 6.965 9.925
3 1.638 2,353 3.182 4.541 5.841
4 1.533 2.132 2.776 3.747 4.604
5 1.476 2.015 2.571 3.365 4.032
6 1.440 1.943 2.447 3.143 3.707
7 L.415 1.895 2.365 2.998 3.499
8 1.397 1.860 2.306 2.896 3.355
9 1.383 1.833 2.262 2.821 3.250
10 1.372 1.812 2.228 2.764 3.169
11 1.363 1.796 2.201 2.718 3.106
12 1.356 1.782 2.179 2.681 3.055
13 1.350 1.771 2.160 2.650 3.012
14 1.345 1.761 2.145 2.624 2.977
15 1.341 1.753 2.131 2.602 2.947
16 1.337 1.746 2.120 2.583 2.921
17 1.333 1.740 2.110 2.567 2.898
18 (.330 1.734 2.101 2552 2.878
19 1.328 1.729 2.093 2:539 2.861
20 1.325 1.725 2.086 T 2528 2.845
21 1.323 1.721 2.080 2518 2.831
22 1.321 1.717 2.074 2.508 2.819
23 1.319 1.714 2.069 2.500 2.807
24 1.318 1711 2.064 2.492 2.797
25 1.316 1.708 2.060 2.485 2.787
26 1.315 1.706 2.056 2.479 2:779
27 1.314 1.703 2.052 2.473 2.771
28 1.313 1.701 2.048 2.467 2.763
29 1.311 1.699 2.045 2.462 2.756
30 1.310 1.697 2.042 2.457 2.750
40 1.303 1.684 2.021 2.423 2,704
60 1.296 1.671 2.000 2.390 2.660
120 1.289 1.658 1.980 2.358 2.617
oo 1.282 (.645 1.960 2:326 2.576
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Entries in the table give F, values, where a is the area or probability in the upper tail of the F distribution. For example, with 12 numerator degress of
frecdom, 15 denominator degrees of freedom, and a .05 area in the upper lail, F o5 = 2.48.

Table of F o Values

Denominator Numerator Degrees of Freedom

Degrees .. .._ . -
of Freedom 1 2 3 4 5 6 7 8 9 10 12 15 20 24 30 40 60 120
1 1614 199.5 2157 224.6 2302 2340 2368 2389 240.5 241.9 2439 2459 248.0 249.] 250.1 25114 2522 253.3 254.3
2 1851 1900 19.16 19.25 1930 19.33 1935 1937 1938 19.40 1941 1943 1945 1945 [9.4d6 19.47 19.48 19.49 19.50
3 1013955 928 9.2 901 894 889 885 881 879 874 870 8.66 864 862 859 857 855 853
4 771694 659 639 626 616 609 604 600 596 591 586 580 577 575 572 569 566 5.63
5 661 579 541 519 505 495 488 482 477 474 468 462 456 453  4.50 446 443 440 436
6 3.99 514 476 453 439 428 421 415 410 406 400 394 387 384 38l 377 374 370 367
7 559 474 435 412 397 387 379 373 368 364 357 351 344 34 338 334 330 327 323
8 532 446 407 384 360 358 350 344 339 335 328 322 315 312  3.08 3.04 301 297 293
9 502426 386 3.63 348 337 329 323 308 314 307 301 294 290 286 283 279 275 271
10 496 410 371 348 333 322 314 307 302 298 291 285 277 274 270 2.66 2.62 2.58 2.54
i 484 398 350 336 320 309 301 295 290 285 279 272 265 261 257 253 249 245 240
12 475 389 349 326 311 300 291 285 280 275 269 262 254 251 247 243 238 234 230
13 467 381 341 318 303 292 283 277 271 267 2.60 253 246 242 238 234 230 225 221
14 460 374 334 341 296 285 276 270 265 260 253 246 239 235 231 227 222 218 213
15 454 368 320 306 290 279 271 264 259 254 248 240 233 229 225 220 216 211 207
16 449 363 324 301 285 274 266 259 254 249 242 235 228 224 219 215 211 206 201
17 445 359 320 296 281 270 261 255 249 245 238 231 2923 219 215 210 206 201 1.96
18 441355 3106 293 277 266 258 251 246 241 234 227 219 215 211 206 202 197 192
19 438 352 343 290 274 263 254 248 242 238 231 223 216 211 207 203 198 193 188
20 435 349 310 287 2701 260 251 245 239 235 228 220 212 208 204 199 195 190 1.84
21 432347 307 284 268 257 249 242 237 232 225 218 210 205 2001 196 192 187 .81
22 430 344 305 282 266 255 246 240 234 230 223 215 207 203 198 194 189 1.84 1.78
23 428 342 303 280 264 253 244 237 232 227 220 243 205 20] 1.96 191 186 181 1.76
24 426 340 301 278 262 251 242 236 230 225 218 211 203 193 194 189 184 179 1.73
25 424339 299 276 260 249 240 234 228 224 216 209 201 196 192 1.87 182 177 L7l
26 423337 298 274 259 247 239 232 227 222 215 207 199 1095 190 185 180 175 1.69
27 421335 296 273 257 246 237 231 225 220 213 206 197 193 188 184 179 173 1.67
28 420 334 2095 271 256 245 236 229 224 219 212 204 196 191 1.87 182 177 171 165
29 418 333 293 270 255 243 235 228 222 218 210 203 194 190 185 181 175 170 L4
30 417332 292 269 253 242 233 227 221 216 2090 201 193 1.89 184 179 174 168 1.62
40 408 323 284 261 245 234 225 218 202 208 200 192 184 179 174 169 1.64 158 L1.5]
60 400 315 276 253 237 225 217 210 204 199 192 184 175 170 165 159 1.53 147 1.39
120 392307 268 245 229 217 209 202 196 191 183 175 1.66 16 155 150 143 135 125

o 3.84 300 260 237 221 200 201 194 188 1.83 175 167 157 152 146 139 132 122 1.00




