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1. A die is rolled, with equal probability for each face to turn up. Let X be the face value that turns up;

that is, P((X =1}) ==

67

for i=1,2,..,6. Let Y =X, +X3, where X, and X, are two

independent random variables following this distribution. Compute the cumulative distribution

functionof Y.

2. Let X1, X, -

(10%)

., X, besampled froma continuous distribution with finite mean p (1 # 0) and finite

variance o2. Suppose one wants to generate random variables that follow the distribution of the

n
18
Zi=1 Xi

harmonic mean

n

(a) Find the asymptotic distribution of ST
i=141L

under large sample size.

as n — .

(15%)

(b) Prove that for any continuous random variable X with the cumulative distribution function F(:

, F(X) bas the Uniform (0,1) distribution.

(10%)

(c) Based on (b), provide a procedure of generating random variables that follow the asymptotic

distribution in (a).

(10%)

3. A coin is tossed twice. Let X denote the number of heads (X € {0,1,2}) and be modeled by the

Binomial (2,8), where 6 is the probability of heads in a single toss. For this coin, it is known from

previous experiments that 0 € {%,%}. Given this condition, compute the maximum likelihood

estimate of 8 if X =0 is observed.

(10%)

4. Let Xy, Xy .., X, be a random sample from the density function f(x; a, B) =%exp{—’—‘—;ﬁ},

where o < x < o0, —0 < a < o,and § > 0.
(a) Find the maximum Jikelihood estimators of (&, ).

(b) Assume o < 1. Find the maximum likelihood estimator of PX, = 1}).

(10%)
(10%)

5. Let Xy, X, .., Xy, bearandom sample from Poisson distribution with mean 6. Find the uniformly

minimum variance unbiased estimator (UMVUE) of P({X; = k}), where k is a fixed positive

integer.

(10%)

6. Find a most powerful test of size a for Hy: X~fo(x) against Hy:X~ f,(x) based on a sample of

size one, where fy(x) is the density function of the standard normal distribution and f;(x) =

%exp{—lxl}, x €R.

(15%)







