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Notation: In the following questions, R is the usual set of all real numbers. We will use
underlined letters such as a € R™ to denote a real, column vector g of length n and similarly
will use boldface letters such as A € R™*™ to denote a real matrix A of size (m x n). 0 is the
all-zero column vector of proper length. AT means the transpose of matrix A. rank(A) denotes
the rank of matrix A. I, is the (n x n) identity matrix. [la|| means the Frobenius norm of vector
a. det(A) and tr(A) are respectively the determinant and trace of square matrix A. row(A) and
col(A) are the row and column spaces of A over R, respectively. Let W be a subspace of R™;
then by W' we mean the orthogonal complement of W in the Euclidean inner product space
R™. By span{wy,...,w;} we mean the vector space generated by vectors Wy, .., W, over R.

£ f(t) = F(s) and £! : F(s) = f(t) denote the unilateral Laplace and inverse Laplace
transforms for ¢ > 0, respectively.

I+ Let

0
0
0
0

O O O -
o O = O
O O N
O = O O

be the reduced row echelon form of a matrix A = [al A 43 4y g5]. Which of the

following statements is/are true?

(A) a, is the 4 x 1 zero vector.

(B) The three column vectors g, a4 and aj, are linearly independent.
(C) The column space of R is the same as the column space of A.

(D) Let B = {gl as %] be a submatrix of A. The reduced row echelon form of B is

not always a submatrix of R.

(E) None of the above is true.
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2+ Continue from Question —. Which of the following statements is/are true?

(A) The nonzero rows of R form a basis for col(AT).

(B) Let C be the reduced row echelon form of RT. Then CTC is the identity matrix.
(C) Let E be a 3 x 5 matrix and

10
D=0 1
00

O = M

10
10
01

be the reduced row echelon of E. We can obtain the intersection of the right null

space of A and the right null space of E from R and D without knowing A and E.
(D) Let Q be a 5 x 5 matrix and rank(Q) = 3. Then rank(AQ) = 3.
(E) None of the above is true.

3+ Let U and V be subspaces of R™ and T be a linear transformation from R™ to R™. Which
of the following sets is/are subspace(s) of R™?
(A) {a+beR*:aclandbeV}.
(B) {aeR":ae€llorage V)
(C) {acR*:gclanda € V}.
(D) {a € R™: T(a) =0}

(E) None of the above is true.
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4-- Let A, B, and C be n x n matrices for some positive integer n. Which of the following
statements is/are true?

(A) det(A) = 0 implies det(R) = 0, where R is the reduced row echelon form of A.
B) If AB=CA =1,, then B=C.

)
(B)
(C) If det(AB) # 0, then A is invertible.
(D) rank(AB)=rank(BA).

)

(E) None of the above is true.

5 » Let V be the vector space of all A € R™*P, with the operations of matrix addition and

multiplication of a matrix by a real scalar. Let T be a linear transformation from V to

V, and {B1,Bg,--- ,B,} be a basis for V. Suppose U is a linear transformation from V to

T
R™ given by U(c1B1 + ;B2 + - + ¢, By) = [01 cg - Cn] . Which of the following
statements is/are true?

(A) Let {A1,As,---, Ay} be linearly independent over R. Theset {U(A1),U(As), - ,U(Ag)}
can be linearly dependent over R.

(B) Suppose the dimension of the range space of T'is k over R. Then {T'(B;), T(B3),- - - , T(Bk)}
are linearly independent over R.

(C) n=m.

(D) Let c=U(B1) and a = U(T(B1)), thenaTa=¢"¢

(E) None of the above is true.
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6 » For the matrix

-1 1
A= 0 [—101}+ 111 1]+ |1 [00—1]
9 0

which of the following statements is/are true?

(A) rank(A) = 3.

(B) The sum of eigenvalues of A is 6.

1 -1 4
(C) AissimilartoB=| 0 2 —1
0 0 3
(D) The system of linear equations Az = [~1 1 1]7 has a solution.

(E) None of the above is true.

7 » For a non-zero matrix A € R™*" define

o = max ||Az 1
fnax |Az]] (1)

the maximum Frobenius norm ||Az|| over all unit-norm vectors z. Which of the following
statements is/are true?
(A) o? is the maximal eigenvalue of AAT.

(B) If zo is an optimal solution to equation (1), i.e., ||Azy|| = o, then there exists a vector
z, such that Az; = 0 and QIQO #0.

(C) Assume m =n and A is nonsingular. Then % = maX|g|=1 “A‘lgn.
(D) Assume m =n. Then I, + A is singular only if ¢ > 1.

(E) None of the above is true.
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3. LetV together with the inner product (-,-),, be an inner product space over R. For a
collection of N linearly independent vectors {w;,...,wy} in V, let M = [m; ;] € RV*V be

the corresponding Gram matrix, i.e., the (z,)-th entry of M is given by mij = <M‘:Qj>v-

Define the following set of real-valued functions f: YV — R

N .
F = {f(g) =Zan(yn,g>vza1,...,a1v ER}
n=1

which is a vector space over R when combined with standard addition and scalar multiplica-
tion of real-valued functions. For any f(z) = 22,:1 an (W, )y, and g(y) = Efle B (Wi, g)v

in the vector space F, define

N N
(f:g>]: = Z Z nfm <mem>v

n=1m=1

Which of the following statements is/are true?

(A) M is positive definite.
(B) It m1,1 =2, mg2 =1, and myo = —1, then |w; — w,||,, = 4, where [|-|l,, is the vector

norm induced by the inner product (-, ).
(C) (f,g)r is an inner product for elements f, g € F.
(D) Given g(y) = <Q1,g>v, we have (f,g)r = f(w;) for all f € F.

(E) None of the above is true.
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9 » Which of the following statements is/are true?

(A) Let z and y be two non-zero vectors in R”. The matrix z y' is diagonalizable if
y'z#0.

(B) If A € R™*" is symmetric and positive definite, then A + A~ — 2I,, is positive semi-
definite.

(C) For u,v € R™ such that u'v # 0, R = (span{u})’ ® span{v}, where @ is the

operation of direct sum of two vector spaces.
(D) For the real matrix Q =1I, — uu', where u € R”, we have det(Q) + rank(Q) = n.

(E) None of the above is true.

IO~ Let P € R™™ be the orthogonal projection matrix, with respect to the Euclidean inner
product, of vectors in R™ onto col(A) for some nonzero matrix A € R™**, Which of the
following statements is/are true?

(A) tr(PTP) > rank(P).
(B) P can have an eigenvalue larger than 2.
(C) Pz £z for all z € R™.

(D) If k < nand b € R", the system of linear equations Az = b has a unique least squares

solution.

(E) None of the above is true.
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11 - Consider the first order differential equation zy'(z) = y(z) — /22 + (y(z))? with initial

condition y(2) = 0. Which of the following statements is/are true?
(A) It is a linear differential equation for the dependent variable .
(B) y(z) is a parabolic function of z.

(€) ¥() = .

(D) y"(z) = —3.

(E) None of the above is true.
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12 - For the following homogeneous second order linear differential equation
(2” ~ 1)y"(2) — 22y/(z) + 2y(z) = 0

for z > 1, given one solution y;(z) = z, the other linearly independent solution y2(z) can

then be derived by setting y2(z) = v(z)y:(z). Which of the following statements is/are
true?

(A) (2% + 2)v"(z) + 20/ (z) = 0.

(B) v(z) with v/(z) = ;% corresponds to one of the possible solutions.
(C) v(z) with o/ (z) = %E—l corresponds to one of the possible solutions.
(D) y(z) =1+ z + 22 is one of the possible solutions.

(

E) None of the above is true.
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13 » Continue from Question -+ =. Solve the following non-homogeneous second order linear
differential equation

(2% — 1)y (z) — 229/ (z) + 2y(z) = 2 — 1
for £ > 1 using the variation of parameters, i.e., set the particular solution as
yp(7) = ur(z)y1(2) + ua2(z)y2(2)

where y1(z) and yo(z) are homogeneous solutions from Question -+ =. Which of the
following statements is/are true?

(E) None of the above is true.

ERH A




EMBAOAEL G 110 L F HA Ly 4 AR A

S EMSE #H8 TS C(3005) #1658 %10 "

14 - The following second order system

[%@}:{-m 8}[ﬂﬂ} -
y'(t) 12 —60 || y(t)

can be transformed into an equivalent first order system

74t 10
() | _, | w0
() 3()
74t 7a(t)

for some real matrix A by introducing the four functions z1(t) = z(t), z2(t) = z'(¢),
z3(t) = y(t) and z4(t) = y'(t). Which of the following statements is/are true?

[ 01 0 0]
aya_| 00 80
00 1
12 0 —60 0

[0 1 0]
Ba_| 0 001
40 8 0 0
12 —60 0 0

(C) —36 is one of the eigenvalues of A.
(D) 8 is one of the eigenvalues of A.

(E) None of the above is true.
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1 5 > Continue from Question -+v9. Find the particular solution of the second order system in
equation (2) with initial conditions z(0) = 2, 2’(0) = 12, y(0) = 1 and /(0) = 6. Which
of the following statements is/are true?

(A) =(t) =

(B) z(t) = os(6t) + 2sin(6t).
(C) y() =

(D) y(t) = cos(6t) + sin(6t).
(E) None of the above is true.
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]6 » Consider the following second order differential equation
3t2y" () 4 sin(t)y’ (t) — cos(t)y(t) = 0.

Let y1(t) = t™ 3772 ant™ and ya(t) = t72 3 o0 byt™ be two linearly independent Frobenius
series solution for y(¢) in the above differential equation when ¢ > 0. Assuming 71 > o

and ag = 1, which of the following statements is/are true regarding the solution yy(t)?

(A) r =1.
(B) a1 =13
©€) a2 =—7%
(D) a3 = 1555

(E) None of the above is true.
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17 > Continue from Question + 5. Assuming by = 2, which of the following statements is Jare

true regarding the solution yo(t)?

(A) ra =3

(B) by =0

(C) by=—5

(D) bs 1269160'

(E) None of the above is true.
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Consider the following differential equation for the function y(t) defined for t > 0

¥/ () = 2 [y(t) * (cosh(t)u(t))]

t

where u(t) is the usual unit-step (Heaviside) function and where « is the usual convolutional

operation of two functions.

Assume y(t) = 0 for t < 0. Given the initial condition

y(0) = 1, which of the following statements is/are true regarding the Laplace transform

Y(s) =% {y(t)} of solution y
(A) ¥(s= ) = 6
(
(

B) Y(s=1)=1
C) Y(s=2)=3
(D) Y(s=3) =4
(E) None of the above is true.

(t) in the above equation?
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19 - Continue from Question + .. Which of the following statements is/are true regarding
the solution y(t)?
(4) (1) =1
(B) ¢'(m) =1
(©) (1) = -1
(D) y"(r) =0

(E) None of the above is true.
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20 > Consider the following partial differential equation for the bivariate function v(z,t)
2

=v(z,t) = %v(z,t), 0<z<10,t>0

subject to conditions

g%v(a:,t)b:o = %v(m,t)|z=5 =0, forallt>0

- v(z,0) = 22 — 102, for all z with 0 < z < 10.

Express the solution v(z,t) in the following form

o
v(z,t) = Z [ar, cos(PrTz) + by sin(gn7z)] exp (—rnm?t)
n=0
for some constants an, b, P, gn, ™n € R satisfying 0 < 79 < r1 < 79 < --- and a,% + b% >0

for n =1,2,... Which of the following statements is/are true?

(A) ao = —%
(B) b1 = 35
(C) ps = %
(D) r4 = %

(E) None of the above is true.




