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1. (10%) The Legendre polynomials, P,(x),m =0,1,2, - aregivenby Py(x) =1, P;(x) = x,

Py(x) = %(sz - 1), P3(x) = %(5x3 — 1), and so forth. It is known that B, (x) is orthogonal to

P, (x) for m#n on interval —1<x<1. Expand f(x)=3x>-2x+2 by Legendre
polynomials, i.e., YN_o a, P, (x).
(a) (1) (3%) Find ay, aq, az,and az as N — oo
(ii) (2%) Is the expansion complete?
(b) () 3%)Find ay, aq, a;,and a3 as N = 3.
(ii) (2%) Is the expansion complete?

2. (15%) A function f(t) is expanded using Fourier series.

£©) = @ + 351[a,005 (@) + bysin(wpt)], 0, = 22,7 = 2x 0

, where

1 ,T/2 2 (T/2
=7 —7/'/2 f@de, a, = Ff—T/z () cos(w,t)dt,

2 (T/2 )
b, = ;f_7{/2 f(@®) sin(w, t)dt;n = 1,2, -+
Suppose the coefficients are givenby ay =1,a, =0 for n >0,and b, = 27", n > 0.
_(a) (3%) What are the (fundamental) period and fundamental frequency, respectively?
(b) (3%) f(t) is an even function, an odd function, or neither? :
(c) (3%) Find the average value of f(t) over t = [0, 2m).

(d) (3%) Does f (t + 3—271-) equalto f(t)? Briefly give your reasons within 20 words.

(e) Eq. (1) can be expressed as f(t) = Yn_p[c,cos(nwyt + ¢,)],0 < ¢, < 2.
Find ¢y and ¢;.  (3%)

3. (15%) Solutions for ordinary differential equations (ODEs)

() (5%) Find the solution for the ODE: y” — k?y = 0 (k # 0),y(0) =1,y (0) = 1

(b) (5%) Find the solution for the ODE: y” + 4y’ + 5y = e tcos(t), y(0) = 0,y (0)=1

(¢) (5%) Find a basis of solutions by the Frobenius method of the following ODE:
(x+1)%y"+ (x+ 1)y —y=0.

4. (10%) For the mass-spring system, as shown in the following figure, find ;::,

1ts motion as a function of time, y(t) =? Ifthe mass, m, is 0.25 kg, damping, L= o
= Spring

c, is zero, spring constant, k, is 2.25 kg/sec?, and driving force is cos(t) — §

2sin(t). Assuming zero initial displacement and velocity, y(0) = 0,y (0) =
0. For what frequency of the driving force would you get resonance?
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5. (5 %) Suppose that in a weight-watching program, Sam, weighing 180 Ib, burns 350 cal/hr in
walking (3 mph), 500 cal/hr in bicycling (13 mph), and 950 cal/hr in jogging (5.5 mph). He plans
to exercise 4 days a week following to Mon (1.0, 0, 0.5), Wed (1.0, 1.0, 0.5), Fri (1.5, 0, 0.5), and
Sat (2.0, 1.5, 1.0), where 3 numbers in each bracket give the time (hrs) taken to walk, bicycle, and
jog, respectively, on that day. Please give the (4 by 1) column vector that shows the calories burned
on Mon, Wed, Fri, and Sat in a week.

6. (20%)
[0
|
|
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(b) (8%) Please explain or address why Gauss-Jordan elimination can be used to calculate the

O N
PNy

(a) (5%) Find the inverse of the matrix, by Gauss-Jordan elimination.

inverse of a matrix.
(c) Let A= [ajk] be a nonzero square matrix of dimension n X n. The problem of finding
nonzero X’s and A’s that satisfy the vector equation

AX = A% )
is called an eigenvalue problem.
(1) (4%) Please interpret the meaning of Eq. (2).

_(ii) (3%) What do you find from the matrix multiplication [Z g] [i] = [28] ?

7. (10%) A closed curve C on the x-y plane is made from the following three straight line segments:
S1: between (x,y)=(0,0) and (2,0)

S2: between (2,0) and (2,1)

S3: between (0,0) and (2,1)

Given ¢ = 3xy?, determine the line integral §. V¢ -dS about the curve C, where V is the

gradient operator and dS is an infinitesimal displacement on C.

8. (15%) Let z satisfy the following two partial differential equations,

82z 32z
=0 and a5 = b—
dxdy ar as?’

Given x +y =+/cs and x — y = dr, determine a form of z together with the associated relation
between the four constants a, b,c and d.
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