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PLEASE READ THIS SHORT MESSAGE FIRST:

Please work out the following problems in detail, otherwise put down how you may proceed.
Attempt as many problems as you can but spend your time wisely. Please pay attention {o the
score of each problem. Good luck!

(1) (25 points)
The relations between the spherical coordinates {r,6, 4} and Cartesian coodinates (z,y,z) are
z =vsinfcasg, y = reindsing, 2 = rcosd.

(a) Write down the Cartesian components of the unit vectors in the direction of increasing r, ¢
and ¢ (i.e., €, € and & ).

(b) The pDSJtmﬂ vecior of a particle is given by ré.. Find the velocity and acceleration of
the particle in spherical coordinates. Identify the ceniripetal acceleration and the Coriolis
acceleration.

{c) Compute 8/8z, 88y and 8/8z in spherical coordinates.

(2) (25 points) . p
The adjoint of a matrix M is defined as the transpose of its complex conjugate and is denoted | -
by M!. A matrix U is unitary if its inverse is equal to its adjeint, ie, U™ = Ul -

{a) If A is an eigenvalue of a unitary matrix, show that |A| = 1.
(b} Show that the eigenvectors correspandmg to different eigenvalues of a unitary matrix are | -
orthogonal.

{c) Verify {a) and (b) by finding the eigenvalues and sigenveciors of the following matrix, }:
L

v-5( 1)

(3) (25 points)
The relation between the rate of change of a vector in an inertial frame and a rotating frame is

d§ _(ds‘) o
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inertinl ratzling
where §? is the angular velocity of the rotating frame and is a constant. Solve § in the rotating
frame if §1 = §1¢, and the rate of change in the inertizl frame is & constant vector A= Aé,.

[Hint: Let § = St (A x )62 ]

(4) (25 points)
Define Fourer transform and its inverse as:

Flw) = -—1—fm fB1 et de, ft) = / Flu)e ™" duw.

(a) Find the Fourier transform of f{i), where f(f) =1if|t| Kcand f(t)=0ifjt] > 2.
(b) Show the Parseval’s relation: [ f(e}f(t}dt = J Flw }G () dw , where the bar denotes

compiex conjugate.
(c) Hence evaluate the integral ™ _(sini/t)? dt.



