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(30%) 1. For each of the following functions, show that it 1s a linear transformation
and determine whether it is invertible. If it is invertible, find an explicit formula for

its inverse.
r+1

(153%) (a) T P3(R) — P3(R) defined by T(f(2)) = / f(t)dt, where Py(R) i
denotes the space consisting of polynomials with real coefficients of degree less than or
equal to 3.
(15%) () T . Mrxn(R) = Manxn(R) defined by T(A) = A + tr(A)],. where
My (R) denotes the space consisting of n x n matrices with real entrios, tr{ A} denotes
the trace of A4, and I, denotes the identity matrix,

{15%) 2. Let V be a finite dimensional inner product space over the real numbers
and let 7 : V — V be a linear operator on V. Define det(T) = det({T3), where
[T)5 denotes the matrix tepresentation of T in the ordered basis 3.
(5%) (a) Show that det(T) is independent of the choice of the ordered basis 3.
(10%) (b) Suppose that. HT (] = [jv]] for all v € V. Prove that det(T) = +1.

(10%) 3. Let V be the space of polynomials with real coefficients with inner product
< fiz), g(z} >= f_llf{;r)g(:c)dx. Let W be the subspace consisting of even
polynomials, Prove or disprove that V = W @ W L, where W+ is the orthogonal
complement. of W/,

(15%) 4. For B ¢ Mixm(R). define the linear operator T on the matrix space
M (R) by T(A4) = BA.

(6%) {a) Prove that T is is invertible if and only if B is invertible.
(5%)

(5%)

b} Prove that T and B have the same eigenvalues.

(
{c} Prove that T is diagonalizable if and only if B is diagonalizable.

(15%) 5. Let r be a positive real nnber and let m be a positive integer. Let 4 = [a;;]
be an m x m matrix given by

ri-l fitj=1+4m,
aij:

0 otherwise,

(5%) {a) Show that * (/7)™ " are the only eigenvalues of A.
{10%) (b) Find the minima polynomial of A and evaluate 42008

(15%) 6. Let V be a finite dimensional vector space over afield Fandlet TV — V
be a nonzero linear operator on V. Denote the minima} polynomial of T by Sz}
Prove or disprove thai IV = N{TY& R(T) if and only if £2 4 f(z).




