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1. (10%) The Legendre polynomials, B,{(x),m =0,1,2,--- aregivenby Py(x) =1, P;(x) = x,
P,(x) = %(sz —1), P;(x) = %(5x3 — 1), and so forth. It is known that B, (x) is orthogonal to

P,(x) for m#n on interval ~1<x <1. Expand f(x)=3x%—-2x+2 by Legendre
polynomials, i.e., 3.X_;a, B, (x).
(a) (1) (3%) Find ay, a4, a;,and ag as N — oo,
(il) (2%) Is the expansion complete?
(b) (1) 3%)Find ay, a,, az.and az as N = 3.
(ii) (2%) Is the expansion complete?

2. (15%) A function f(t) isexpanded using Fourier series.
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F@®) = g + T34 [a,005 (@, ) + bysin(ant)], w, = 25,7 = 2 M

, Where

T/2 T/2

%o = %f—r/z fyde, a, = %f_T/zf(t) cos(wy,t)dt,

2 (T/2 .
b, = ;f_T//zf(t) sin(w,t)dt;n = 1,2,
Suppose the coefficients are given by ag = 1,a, =0 for n > 0,and b, = 27" n > 0.
(a) (3%) What are the (fundamental) period and fundamental frequency, respectively?
(b) 3%) f(t) is an even function, an odd function, or neither?
(¢) (3%) Find the average value of f(t) over t = [0,2m).

(d) (3%) Does f (t + -32—T) equal to f(t)? Briefly give your reasons within 20 words.

(e) Eq. (1) can be expressed as f(t) = Yp—olcpcos(nwgt + ¢,)],0 < ¢, < 21
Find ¢g and c¢;. (3%,

3. (15%) Solutions for ordinary differential equations (ODEs)
(a) (5%) Find the solution for the ODE: y” — k?y = 0 (k # 0),y(0) = 1,y (0) = 1
(b) (5%) Find the solution for the ODE: y” + 4y + 5y = e ~tcos(t),y(0) = 0,y (0) = 1
(c) (5%) Find a basis of sotutions by the Frobenius method of the following ODE:
(x+ D%+ (x+1)y —y=0.

4. (10%) For the mass-spring system, as shown in the following figure, find
its motion as a function of time, y(t) =? If the mass, m, is 0.25 kg, damping,
c, is zero, spring constant, k, is 2.25 kg/sec?, and driving force is cos(t) ~
2sin(t). Assuming zero initial displacement and velocity, y(0) = 0,y (0) =
0. For what frequency of the driving force would you get resonance?
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5. (5 %) Suppose that in a weight-watching program, Sam, weighing 180 lb, burns 350 cal/hr in
walking (3 mph), 500 cal/hr in bicycling (13 mph), and 950 cal/hr in jogging (5.5 mph). He plans
to exercise 4 days a week following to Mon (1.0, 0, 0.5), Wed (1.0, 1.0, 0.5), Fri (1.5, 0, 0.5), and
Sat (2.0, 1.5, 1.0), where 3 numbers in each bracket give the time (hrs) taken to walk, bicycle, and
jog, respectively, on that day. Please give the (4 by 1) column vector that shows the calories burned
on Mon, Wed, Fri, and Sat in a week.

6. (20%)
5
(a) (5%) Find the inverse of the métrix, lo
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(b) (8%) Please explain or address why Gauss-Jordan elimination can be used to calculate the
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by Gauss-Jordan elimination.

-inverse of a matrix.
(c) Let A = [ajk] be a nonzero square matrix of dimension n X n. The problem of finding

nonzero X’s and A’s that satisfy the vector equation

Ax = Ax 2)
is called an eigenvalue problem.
(i) (4%) Please interpret the meaning of Eq. (2).
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(i1) (3%) What do you find from the matrix multiplication [Z ?] [ ] [ 40

7.(10%) #FEE-—BEEX > ¢ ZRKERF TN, —BF KERL % %(Cartesian
coordinatesystem) ¥ &) —Bi(X,y) * B P x oy B UTHTE - 2B BEA TR
mAziE o TaETw, & ﬁﬁﬁf}‘gé’]%'&ﬁ’\”ﬂﬁ BRI L - FEE  BRGLER T
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8. (15%) 4o REZ ey R (A DimRR Ry EN T B T #8572 3 (Perfect number) - 4]
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6HBABM(TRAEER6)AF 1,23 M 1+2+3=6 2|6 %2 — B2 -
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