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1. Let f(z,y) = ce™¥, where ¢ > 0 and 0 < z < y < oo, be the joint probability
density function (pdf) of random variables X and Y.
(a) Find the value of c. (5%)
(b) Calculate P(X +Y > 1). (5%)

(c) Compute the conditional variance Var(Y|X = z), compare it with Var(Y),
and explain your finding. (10%)

2. Let (Xy,...,X,) be a random sample from a distribution having pdf

)

where § > 0 is an unknown parameter.

(a) Find a statistic that is minimal sufficient for 6. (10%)

(b) Show whether the minimal sufficient statistic in (&) is complete. (10%)

3. Let (X1,...,X,) be a random sample from N(u,0?) with an unknown p € R
and a known o2 > 0.

(a) Find the uniformly minimum-variance unbiased estimator (UMVUE) of
e'* with a fixed t # 0. (10%)

(b) Show that the variance of the UMVUE is larger than the Cramér-Rao
lower bound. (10%)

4. Let (Xi,...,X,) be a random sample from a distribution having pdf foi,
where 0 > 0, j = 1,2, fo.(z) = (V2r8) ' exp{—2%/(262)}, and fyo(z) =
(20)~! exp{—|z|/0}, x € R.

(a) Find a maximum likelihood estimator (MLE) of (6, 7). (10%)
(b) Show whether the MLE of j in (a) is consistent. (10%)
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5. Let (X1,...,X,) be a random sample from N (6, ¢?), where § € R and ¢ > 0.

We are interested in testing Ho : 6 = 0p versus Hy : 0 # 6p with an unknown

.

(a) Show that the test rejecting Ho when

|7 - 90[ > tn——l,a/QV 52/77,

is a likelihood ratio test (LRT) of size a, where X and S? are the sample
mean and sample variance of the random sample, respectively, and %,
denotes the (1—p)th quantile of a ¢ distribution with n degrees of freedom.

(15%)
(b) Find a 1 — & confidence interval for ¢ based on (a). (5%)




