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(a) (4%) Suppose @ =0 and b =4, find A7

(b) (4%) Find all nonzero values of a and b so that the nullspace of A has infinitely many vectors.
Justify your answer.

1. (8%) Let A= [

oo
2 O w

2. (15%) Are the following true (T) or false (F')? For each of your answers give a brief explanation or a

counterexample. _ -t :%: !

(a) (3%) If vy, v, v3, and vy are linearly independent vectors in R*, then so are vy, vq, and vs.

(b) (3%) If A and B are both n by n matrices, then (A + B)? = A* +2AB + B2,

(c) (3%) Suppose A is an m by n matrix with rank r, and b is a column vector with m entries. If
m > r and n > r, then the equation Az = b has infinitely many solutions for some b and exactly
one solution for other b.

(d) (3%) The maximum number of distinct entries of a square n by n symmetric matrix is n?.
(e) (3%) If A is similar to B, then A% is similar to B%.

1 -2
3. (10%) Let A= |:
1 3

(a) (4%) Find an orthonormal basis for the column space of A using the Gram-Schmidt procedure.

(b) (3%) Let P; be the projection matrix that projects R* onto the subspace spanned by the first
column of A, and P, be the projection matrix that projects R* onto the column space of A.
Find the product P P.

(¢) (3%) Prove that all projection matrices are symmetric. Please explain each of your steps in
detail.

4. (4%) Consider the basis S = {v1,v2,vs} for R?, where v; = (1,1,1), v = (1,1,0), and v3 = (1,0,0).
Suppose the linear transformation T : R? — R3 is such that

T(Ul) =(L,2, 3)a T(U2) = (47556)7 T(US) = (7787 9)
Find a formula for T(z), where z = (z1, 2, z3), and use that formula to find T(v) for v = (1,2,1).

5. (13%)

-12 -6
(b) (2%) Find a matrix P that diagonalizes A in (a).

-11 -12
=7 6

(a) (2%) Find the cigenvalues of A = { 1 —12 }

(¢) (3%) Show that B = [ ] is similar to A in (a).

a 6 0
(d) B%)Let C= | 6 a 8 :| . Find the condition(s) on the number a so that the matrix C has
0 8 a

only positive eigenvalues.

(e) (3%) Show that the matrix D = -is not diagonalizable.
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6. (12%) Consider the following initial-value problem

y' +ay +by = f(z), y(0)=c, ¢(0)=4d E

where a, b, ¢, and d are (real) constants. ;‘“"

(a) (4%) It is known that the solution is y(z) = sin 22 when f(x) = —3sin 22. Determine the values e
of the constants a, b, ¢, and d. iy

(b) (8%) Find the solution y(z), for —% < z < §, when f(z) = tanaz. “‘

7. (13%)

(a) (6%) Determine the Laplace transform F(s) of the function f defined as follows
1, 0<t<2;
f)=4 -3, 2<t<3;
2, t>3.

(b) (7%) Let h be the convolution of the functions w and f, i.e.,

h(t) = /—00 w(t —7)f(r)dr

where w : R — R and f: R — R are defined a,s.

2t, 0<t<1;

wit)={ b 0st<lh F) =4 4—2t 1<t<2
0, otherwise. 0. otherwise

Compute h(t) for 1 <t < 2.

8. (12%) Consider the following differential equation

Y

prl =2y + ¥
dy,

vz -9

dt v Y2

(a) (8%) Determine the set of all solutions to the above differential equation.
(b) (4%) Suppose 31(0) = 0 and y2(1) = 1. Determine y;(t) and y2(t) for t > 0.
9. (13%) Consider the differential equation

diy

s Tu n(yi +3)
dys
e volyi +v3)

(a) (6%) Convert the equations into a set of differential equations in  and 6, where (y1,%2) and
(r,8) are related by y; = rcosf and y, = rsiné.

(b) (7%) Determine y;(t) and y,(t) for ¢ > 0, given the conditions y; (0) = 0,y2(0) = 1.




