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Vector analysis and linear algebra
1.  Given a scalar function f(x,y)=x>+y,
(a)Find the direction along which the directional derivative of fat (2, 1) is a maximum.
(5%)
(b)Find the directional derivatives of fat (2, 1) in the direction parallel to the tangent
vector of the curve x* +23° =9 at(1,2). (5%)

. e on . . dF@Jn.
2. Given a vector field F(x,y)=x"7 + yj, find the direction along which a’—| is a

s
maximum, where s is the displacement. (8%)

3. Consider the linear system of equations Ax =b, where

1 2 1 2
A=[1 m 2, b=|3|.
2 n 1 3

Find the relation of m and » for which the problem has solution(s). (7%)

Partial differential equations and complex analysis

4. TFind the deflection of the membrane of sides a and b with ¢* =1 (¢? :~T—, where T is

tension and p is the mass per unit length) from the two dimensional wave equation for
the initial deflection f(x,v)=x3(a—x)(b—») and initial velocity 0. Deflections are

zero on the boundary.  (15%)

5. Flow with circulation around a cylinder can be represented by the complex potential :

1 K . . . . i :
F(z)=z+--21nz . Calculate the stagnation point (points at which the velocity is zero)
z W
for K = 27 and 4n, respectively for which the cylinder wall z'=1 is a streamline.
(10%)

Ordinary differential equations

6. Consider the differential equation
A+ (Bx—1) + v =0.

(a) Showthat x=0 isan irregular singular point. (3%)

(b) Show that

y= Zn." X"
piz=(

is a series solution of the given differential equation.  (5%) =E \
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7. A rabbit starts at the origin and runs up the y-axis with speed a. At the same time a
dog, running with speed b, starting at the point (c,0) and pursues the rabbit. Show
that the path of the dog can be mathematically expressed by the differential equation,

o= () (10%)
8. Let a sequence of functions ¢,(x), ¢,(x), ..., ¢,(x), ... be orthonormal functions on an

interval a<x<b. Verify that
a-jf x)p, (x)dx, k=12,..
where [ (A) is an analytical function and a, is the coefficient of expansions of the

form representing  f(x) such that

f(x)= Za 4,(x) (5%)
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