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Advanced Calculus Written Exam, 2010

—

- (10 points) Given the function f : R? -, R defined as

Hew) = 2V i 40,0, F@9) =0 i (z,4) = (0.0).
1 m‘+y4 ? ) ¥ H 1 L}

Is f differentiable at the point (0, 0)? Give your reasons,

2. (15 points) Let 4 and B be nonempty closed subsets of R. Consider subsets 4 + B,AxBofR
defined by . )
A+B={a+b:a€A,b€B}, AxB={ab:aE_A,b€B}.

Prove or disprove (by providing a counterexample) that 4 + B, A X B sare closed.

3. (12 points) Let § = {(zy)eRI: 224 =115 compact? Is it connected? Yoy must justify
your answers by quoting appropriate theore . . ;

4. (13 points) Let 4 and B be two 7 x 7 real matrices, Define f: R" - R by
flz) = {4z, Bz), zeR™

 Use the &eﬂru'tion of derivative to calculate the derivatives Df(z} and p? f(z). The answers
should be expressed in terms of A, B, and 7. )

5. (12 points) Assume‘ that f (z) is continuous on [0, 00) with f (£) > lasz — oo {note that in generaj
f () may not be differentiable). Evaluate the following limit

lim t'/me""f (z)dz
a

il
and give your reasons,

8. (10 points) Given the sequence of functiong

2nz
@) =

does it converge uniformiy on [0, 1] a8 7 — 00? Give your reasons,

2€{0,1), n=1,93, .

| z’—_y’—-u3+v2+4=0, 2a:y+y2—_2u’+3v‘+8=0' .

We can solve u; v ag continuously differentiabje functions of (z,y) for (z, ¥) near (2, ~1) satisfying
¥(2,~1)=2, v(2,-1) = 1. Also find the value of % (3, —1)+£(2,-1).

8. (15 points} Assume f ¢ o2 (a,00), a e R.

(a) (10'pbints) Let My, M, and M be the supremum of |[F(z)], |F (z)| and | " (z)! on (a,00) . Prove.
‘the following "interpolation formula":

_ M? < 4,0,
"Hint: Use '_I"aylor"s formula: for any h > 0Qand » ¢ (a,00), we have
. 1
TErh=f@+r@nsZr@m ¢e (z,2 + ).

(b) (5 ';)bii;i:s) Assume f ¢ 02 (a,00) and satisfies flz)—c (C is some constant) as z — oo and
1" ()] < M for all 2 € (2,00) . Prove that f(@) =082 =00 - '




