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1. Evaluate

a. (5%) lim,_,g+ 2°0%;

?

b. (5%) lim, ., Y2122,

T

2. (10%) Determine all possible values of k such that the integral [ dz is finite.

1-+-z2

3. (10%) Prove or disprove that the series S_o° . exp(—n°) is convergent for all ¢ > 0.

4. (10%) Verify for all 7 > 0 that
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5. (10%) Define g(t) = [;* cos(tz) exp(——”;—z) dz for t > 0 such that g(t) > 0. Work out g(¢).

6. (10%) Let A = { ? g ] Find a “positive square root” of A, that is, a matrix B such that

B? = A and B has positive eigenvalues.

: 3 -1 1
7. (10%) Is the matrix M = |: 7 -5 1 ] diagonalizable?
6 —6 2

8. (10%) Given an invertible n X n real matrix A and one column vector u € R™, consider x = A~'u
and y = (A + Auv')"lu for any scalar A and column vector v € R" such that A + Auv' is also
invertible. Determine whether y is parallel to x.

9. Let 1, be the column vector of ones in R™. Given another p—1 vectors x, ..., x, of R, consider
an X p matrix X = [1, X; - X, and define P = X(XTX)7' X", We assume (X' X) ! exists.
Show
a. (5%) 1P =1];

b. (5%) H? = H, where H = P — 1,1}
c. (5%) H is semi-positive definite;
d. (%) pu > £ for all i =1,...,n, where p,; is the ith diagonal element of P







