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1. Given a linear transformation from R? to R3 (with respect to standard bases)

L)) = F;E Ei] Now et B, = {[1].[ ']} and B, = {[—21”2“ _éJ}

- be non-standard bases for R and R3, respectively. If the matrix representation
of the same linear transformation L (with respectto B; and B,)is

a b
[c d] ,whatis ||a+b+c+d+e+f||%5? (%is the modulo
BlfBz

e f
~operation. |z] rounds z to the smaller nearest integer.)

(a) 0

(b) 1

(c) 2

(d) 3

(e) 4
1 -2 -1

2. Let the Gram-Schmidt QR factorization of the matrix ; _04 ; be

4 0 0

a b ¢
[0 d e}.Whatis[|a+b+c+d+e+fH%S?(%isthe
0 0 f
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I ll

m! Wi vifn ¢

modulo operation. |z] rounds z to the smaller nearest integer.)
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3. Assume p(x) =x0—x54+1 and 4= [_12 _36] Let p(4) = [‘; 2] . What is
[ la+b+c+d H%S? (% is the modulo operation. [z] rounds z to the smaller
nearest integer.)

(a) o
(b) 1
(c) 2
(d) 3
(e) 4

‘ _I 2 1—1i . . oS _
4, Llet A= [1 4 1 ] and the unitary matrix that diagenizes Abe U =
_}_[a +ib c+id
vile+if g+ih

operation. |z] rounds z to the smaller nearest integer.)
(@) 0

], whatisthe | |a+c+e+ g ||%5? (%is the modulo

1
2
3
4
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5. Which of the following vectors belong to the nullspace' of A= [

(a) (0,0,0,0)T
(b) (1,1,1,0)7
(© (1,-2,1,0)T
(d) (-1,1,0,1)T
(e) (0,—1,1,1)T
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6. A and B are both NXN square matrices. Which of the following statements are true?
(@)  Aaisthe eigenvalue of Aand A s is the eigenvalue of B. A aX A s is the eigenvalue
of AB. o
- (b} AB and BA have the same eigenvalues.
(c} AB and BA have the same eigenvectors.
(d) If B=M™AM, then A and B have the same eigenvaiues.
(e) If AAH=ARA (A" is A’s Hermitian Transpose), then A and A" have the same

eigenvalues.

7. Ais an NxN symmetric matrix. Which of the following statements are true?
(a) If Alexists, A1 must be symmetric.
(b) A must have a complete set of (N) orthonormal eigenvectors.
(c) If A%=A, its eigenvalues must be 0 and 1.
(d) If the sum of each individual column of A is 1, then one of its eigenvalues is 1.
(e) IfBisalso an NXN symmetric matrix. AB must be symmetric.
8. We are processing two-dimensional data on the X-Y pléne. Which of the following are
true?
(a) One particle is initially located at the point A (0,-1) and on ' Y
the unit circle. It goes straight to B oﬁ the unit circle as shown
in the figure, and £OAB=15", where O is the origin (0,0).
The particle is then reflected and reaches Py on the unit circle
with £ OBA=_ZO0BP:. The particle keeps reflecting and

reaches point P; on the unit circle and soon.

The coordinate of Piy is (ﬁ, —Qg—g),

1 2

(b) The point A (0,-1) is linearly transformed by Jz[z 1

]. After N linear

transformations (i.e., JN[_O-l]), the position is Qu=(Xn, Yn). Qio01=(X1001, Y1001),

X1001=0.

(c) Following (B), the distance between Qioo and Qioo1 is M. The distance between

Qo9 and QJOOO is N. %4 > 2.3.
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cos (K") —sin(K") cos (2XK) sin(2XK")
. A . |- ApointC, (a,b), is
sin (K) cos (K") sin(2XK) =—cos(2XK)

on the unit circle and in the first Quadrant (0O<a<1, O<b<1). Cis then linearly

(d) RK=[

transformed by Q=R1sM1sR30M30Rss (i.e, Q[a,b]"). The resultant point must be in
the first Quadrant.

AT

2 -1
become Z. (For a point D, (c,d), on the unit circle, we calculate N[c,d]".) The sum of

2
1

-1
2

20
0 3

J ] A unit circle U is transformed by N=SIT to

the largest and shortest distances between the origin O and Z is 25.

aq b1 1 d1 ) 1 2 3 5
9. |az b, c¢; dj] isprocessed by row operationstoform |2 5 7 13]. Which of
as by c3 dj 0 01 O
the following are true?

dy dy dj by by b3
(a) b1 bz b3 = |aq az a3’

Cq Cy C3 Cq Co C3

aq b1 Cq d1 2 =1 0 -5
(b) After row operations, |a;, b, ¢, d,| canbecome |3 0 -1 =3l
) a3 b3 CS dg 0 3 '—‘2 9
a > +azt+a?= 2

(c) If { b2+ by + by = 2,then |(ay,az as) X (dy,dyds) | =4vZ, where X
di® +d,? +ds* =16

is the cross product.

a1x +cy+3by =d

1 has a unique solution.

@ |

(e)

azx + Czy + 3b2 = dz

(3b1 + C—l)x - 2a1y + d1Z + 2C1 =0
(3by + c3)x — 2a,y + dyz + 2c, = 0 has a unique solution.
(Bb3 + c3)x — 2a3y + d3z + 2c3 = 0
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0 3 2 6 3
-3 0 1 3 2
(a) -2 -1 0 5 3
-6 -3 =5 0 4
-3 -2 -3 -4 0

1 3 2 4 3
5 4 1 3 2
(b) 12 5 2 5 3
2 6 4 8 6
4 7 8 7 9
11 0 0 0
-1 3 1 0 0
(c) 0 -1 3 1 0
0. 0 -1 3 1
Lo 0 0 -1 3
1 1 0 0 0
11 1 0 0
(d Jo 1-1 1 0
0.0 11 1
o 0.0 1 1
1 2 3 4 0
2 42 00
(e [3 20 0 0
4 0 0 40
o 0 0 0 1

For questions 11 and 12, matrix A =

relation R.

O O O e =

OO O O = O

_O O e = O

— O e e e S

— et e ek e

—_— O O O O

10. Which of the determinants of the following matrices are zero?

describes a binary

£ SR/ %R
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11. About relation R, which of the following statements are true?
(a) Ris reflexive. (b) Ris anti-symmetric (c) R is transitive
(d) Ris a partial ordering relation. (e) The transitive closure of R is symmetric.

12. Let S be the transitive closure of R and each element is a set.
If S reflects operators’ behavior on Set, what are possible operators?
(@ N (b) U (c) € (d) - (setdifference) (e) D
13.Consider the divisibility relation (i.e., |' ) and the posetR = (S, | ), where S={1, 2,
3,4, 6,8, 12, 24}. We can conclude that:
(a) Ris a total order.
(b) Risawell order.
(c) R has a greatest lower bound.
(d) R is a lattice.
(e) R has amaximal element.

14. In the following procedure P, P and B are both procedures; each statement line in

and outside the loop counts 1 step.
Procedure P( arrayi| dl s PN )
1. if n<9 exit. ‘
2. call B(arrayl[ a,,4,,...,4,])
declare new empty array2, array3, array4;
. for{i=1ton)
Aif((imod 9)=1) insert a; intoarray2;

3
4
5. if({imod9)=4) insert a, intoarray3;
6. if((imod9)=7) insert a, intoarray4}
8. call P( array2 );

9

. call P( array3 );
.+ 10. call P (array4);

In order to make P’s complexity O(n) , which of the following can be B’s complexity ?
(m is the input size of B)
1 1
(a) 0(mz) (b)O(m?) (c)O(m'?) (d)0(m*) (e)O(m?)
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15. To solve the recurrence relation a,, = 4a,_; —4a,,—5,a9 = 0,a; = 1/2, what of

the followings are true? (generating function f(z) for this recurrence relation)

_ 2y .. 1 3 - 2y =1 _
(@621 -4z +4z°) =——1+3z (b) GD(A-4z+4z")=—~—-1+z

11 7 z 1 1
S— 42 o
91+z 9(1-22)2  9(1-22)

(c)G(2) = - (d) G(z) = 11, = 1 1

91+z ' 18(1-22)2 9 (1~22)°

=X+ B, n _1on
(e) an—-g( 1 +oon- 2t =22

16. Which of these graphs have an Euler circuit?
(a)Cs (b) Ws (c) Ks (d) Kss(e) Qs

17. At a party, you and your partner meet three other couples. Several handshakes
take place under the following rules: no one shakes hands with themselves or their
own partner, no one shakes hands with the same person more than once, and the
number of handshakes for the other seven people (excluding you) are all different.
Based on these conditions, how many hands did you shake, and how many hands
did your partner shake?

(a) You shook 4 hands.
(b) You shook 5 hands.
(c) You shook 3 hands.
(d) your partner shook 0 hand.
(e) your partner shook 3 hand.

18. A computer system considers a string of decimal digits a valid codeword if it
contains an even number of O digits. For instance, 1230407869 is valid, whereas
120987045608 is not valid. Let a, be the number of valid n-digit codewords. what
of the followings are true?

(a) a, = 9a,_, + 10"
(b) a, = 8a,_, +10™1
(€¢) a; =9

(d) a, = 8™ +10™!
(e) a, = 8™ 410"
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19. Find the vertex connectivity and the edge connectivity in the following graph.
(@) The vertex connectivity is 3.
(b) The vertex connectivity is 2.
(c) The edge connectivity is 3.
(d) The edge connectivity is 2.
(e) The edge connectivity is 1.

20. Which of these graphs are homeomorphic to Ka 3?
(a)

[+
a b/
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