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1. (10 %) Suppose A is an m X n matrix and B is an n X p matrix.

(1) Prove that rank(AB) < rank(B). (2) Show that A” A has the same nullspace (or kernel) as A.

2. (10 %) Let A be an n x n matrix such that A* = A.
(1) Find all possible eigenvalues of A. (2) Prove that A is diagonalizable.

(10 %) Is the following matrix A diagonalizable? Justify your answer.

-3 1 -1
-7 5 -1

LI

A:
-6 6 —2

4. (10 %) Let
A p—

2 ¢t 0
t 2 ¢t
0t 2

(2) Find all values of t, for which A has 3 nonzero eigenvalues.
(b) Find all values of t, for which A has 3 positive eigenvalues.

5. (10 %) Compute lim P", where
n—co
0.2 0.8
P= [0.4 0.6}

6. (10 %) Suppose B 1 isa square matrix that satisfies 2B? + B — I = 0, where [ is the identity matrlx
and 0 is the zero matrix.
(1) Show that the inverse of B exists. (2) Find all possible elgenvalues of B~

7. (10 %) Suppose that A and B are n x n matrices that commute, that is AB = BA. Show that there
exists an eigenvector v of A which is also an eigenvector for B.

8. (15 %) Consider the following matrix A. Find real orthogonal matrices U, V' and a2 x 3 matrix &
in the singular value decomposition A = UL V7 for A, such that ¥ has the following form:

10 3 477
A:{301]: E:[???}

9. (15 %) Find all possible Jordan canonical forms of an 7 x n complex matrix A which satisfies the
following six conditions simultaneously, where [ is the n x n identity matrix:

(1) (A — 2I)*(A — 3I)® is the n x n zero matrix.
(2) The rank of (A — 9])(A 3I)is 3.

(3) The rank of (A — 27)*(A — 31) is 2.

(4) The rank of (A — 2I)(A — 31)%is 2.

(5) The rank of A — 21 1s 6.

(6) The trace of A is 2023




