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Problem 1. We consider the function f : z — xn:cl defined for all z € (0,1) C R.

1
1.) (5 points) For all n € N, calculate / z" lnzdz.
0

2.) (5 points) Calculate lirri f(x).
T—

1
3.) (10 points) Show that f is integrable on (0,1) and calculate / f(z)dz
' 0

Problem 2. Let n € N.

. Mn(R) denotes the vector space of n x n matrices with real coefficients.

xl‘ n
e« Forallz=| : | eR", |z| = fo
zn \ i=1

o For all A € M,(R), we define

1A]l = sup 1A%

s llzll

-3 1

1.) (5 points) Consider the particular case A = ( 0 2

) € M,(R). Calculate || A .

2.) (5 points) Following the previous question, calculate sup | Ay||? by using the Lagrange
yeR?
lyll=1
multipliers.

In the next questions, we consider the general cases A € M, (R).

3.) (5 points) Show that ||Allxr = sup ||Ay]|.
yeR™
llyll=1

4.) (5 points) Show that for all matrices B € M, (R), 1AB||ar < ||Allaz|| Bl as-

5.) (10 points) Show that the set of invertible matrices GL(n) is an open set in M, (R).
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Problem 3. Let (E,|| - ||) be a normed space. We recall that a series an is said to be

k3
absolutely convergent if the numerical series E lzn|| is convergent.

n

1
1.} (5 points) Is the series Z — convergent? Justify your answer and calculate its sum if
n

n
you have a positive answer.

_1)n—1

2.) (5 points) Is the series Z convergent? Justify your answer and calculate its
sum if you have a positive answer.

3.) (8 points) Show that if (E, || - ||) is complete, then any absolutely convergent series con-
verges in F.

4.) (6 points) Let (yn)nen be a Cauchy sequence in (E,|| - ||). Show that there exists a
subsequence (Yn, )ken Of (Yn)nen such that ¥n € N, [|yn, — Yn,,,I| < 27%.

5.) (6 points) We assume that any absolutely convergent series converges in E. Show that
(E, || ) is complete.

Problem 4. Let a,b, K € R with a < band K > 0. We say a rea,l-valued function g defined
on [a, b] is K-Lipschitz continuous if :

Vz,y € [a,b], |9(z) — 9(y)| < K|z —y|.

Consider the sequence of real-valued functions (f,)nen defined on [a, b]. We assume that for all
n € N, f, is K-Lipschitz continuous and the sequence (f,)nen converges pointwisely to f on
[a,b]. That means,

Vz € [a,b], f(z) = lim f.(z).

n—-+oo
1.) (5 points) Show that the function f is K-Lipschitz continuous on [a, b].

2.) (13 points) Show that (f,)nen converges uniformly to f on [a, b].
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