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Let N be the natural numbers and R be the set of real numbers.

1. (15 points) We say that A C R™ is compact if every open cover of A
has finite subcover. Show that every compact set in R™ is closed by
the definition.

2. (15 points) Let K be compact metric space and f, be continuous func-
tion on K for all n € N. If {f,} converges uniformly on K, show that
{f.} is equicontinuous on K. That is, for every € > 0, there exists a
§ > 0 such that |f,(z) — fu(v)] < € whenever d(z,y) < 6,2,y € K, and
n € N.

3. (15 points) Prove that a polynomial of degree n is uniformly continuous
on Rifand only if n=0or 1.

4. (15 points) Suppose that f is differentiable on R. If f(0) = 2 and
If'(z)] <1 for all z € R. Prove that |f(z)] < |z +2 for all z € R.

5. (20 points) For 0 < < oo, define
Iz) = / et .
0

Prove that (a) (10 points) the integral converges for 0 <z < oo;
(b) (10 points) the equation I'(z 4 1) = o'(z) holds if 0 < = < oco.

6. (20 points) Let f: R? — R be defined by

[ @) #0,0),
f@y) = {O ’ 1f(CL’ y)=( ,0).
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Investigate the continuity and differentiability of f at (0,0).




