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1. (16%)
(a) (8%) Let g(z) be a nondecreasing nonnegative function for 0 <z < oo and 0 < f (z) <1 for
0 < z < co. Given g(e) > 0 with some € > 0, show that
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(b) (8%) Let a be a positive integer and A > 0. Show that
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2. (24%)
(a) (8%) Show that
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(b) (8%) Show that for all y > 0
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(c) (8%) Show that
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. (16%) Give constants 0 < a; < 1,0< s <1,0<f; <1,0< f <1, and 0 < p <1 Minimize
Brw? + Baw? with respect to wy and w, under two constraints wy + wy = 1 and aywy + aawg =

with0<w; <land 0<wy £1.

(a) (8%) Find the minimizer w; and wy.

(b) (8%) Find the minimal value of Biw? + fBwj.
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(a) (8%) Find the eigendecomposition G = BAB™!.
(b) (8%) Evaluate e = 5°°° L G™ using G = BAB™'. Note that G° = I where I is the identity

. n=0 nl
matrix.

4. (16%) Given the two by two matrix

1O
I

with A > 0 and g > 0.

1 R AR




Bl i k2 114 L5 FrE L2 AN LA

A st A Ao da(—AkA) %8/ £ 27
SItHr R ALY R ada(fEMAE)

#8 0 AgHe

k AFERTHRATES > B HERH

qns

5. (28%) Give a full rank matrix

ay; a1z A1z G4

Qg1 Gz Q23 Q24
A= Q31 G32 Q33 Qa3q )

41 Q42 Q43 O44

as1 Gsy As3 As4

and H = A(ATA)"'AT where AT is the transpose of A and A™! is the inverse of A.

(a) (7%) Show that H® is a positive semi-definite matrix.

(b) (7%) If rank[H®) = r < 5, show that it has r eigenvalues equal to unity and 5 —r eigenvalues
equal to zero.

(c) (7%) Show trace[H®] = rank[H®].
(d) (7%) Find the eigenvalues for Is — H® where I is the 5 x 5 identity matrix.
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