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1. (total 20%) Find the limits

2x* —5x+2 2x* ~5x+2
1) (4%) lim——— (i) (4%) lim—X———
(@) (4%) 0 5yt _Tx—6 () (4%) =2 5x% ~Tx~6
~coshx-1 .

(ifi) (4%) lim———— S -

*30 ] —cos2x S

(iv) (%) limx"e™, where n is a finite positive integer
X—rocd

(v) (4%) lim x*
x=0*

2. (total 15%) If a curve is represented by a continuously differentiable function

F=F(t)
(1) (5%) Show that the length of the curve 7 between t=a and r=5 where

b>a is l=jb\j?-?dz‘ where?=~§§w

(ii) (5%) If the curve is on the x-y plane and y can be written as a function of
x, using the equation in (i), show that the length of the curve between x =x,

and x=x, where x,>x can be written as

x f d
l:L, 1+(y')2dx,where y:Ey

(iti) (5%) If the curve is represented in polar coordinate (p,6) and the radial
variable p can be written as a function of angular variable &, that is
p= p(9) , using the equation in (i), show that the length of the curve between

8=06, and #=40, where 6, > 6 can be written as
1=[* (o) + [E’BT@@
8 do

3. (total 15%) The Gaussian distribution is described as

2
P(x)=A4-exp _(_xﬂ where A4 is the normalization constant and
20°

—00 <X <00

(1) (5%) Find the normalization constant 4 so that _[_m P(x)dx=1
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The expectation value of a function f(x) is defined as

(f ) =] 7 (x)P(x)ax

(11) (5%) calculate the mean: <x) and

(iii) (5%) variance: <(x - (x>)2> .

4. (total 15%) For an nx»n matrix A whose matrix elements are [A] =a,, its

i

adjoint matrix is defined as A" whose matrix elements are [AT]U = a;. where

a; is the complex conjugate of a,

(i) (5%) show that (AB)' =B'A!

(i) (5%) show that trace(A'A)>0

(ii1) (5%) A is Hermitian matrix if A'=A. If A and B are Hermitian
matrices and AB-BA =iC, show that C is a Hermitian matrix

5. (total 20%) A triangular wave is given by

f(x)“{fx forO<x<m and f(x-|;27r)=f(x)

for —w<x<0

(i) (10%) Represent f(x) by a Fourier series

. @ 1
11) (10%) Use the result from (1) to calculate
(i) (10%) () g(zm)

6. (15%) Show that

sin Nx

N-1 T _
ZCOS?’DC': 2 COSl:(N l)le
n=0

sinE 2
2
sin N
N-1 - _
Zsinnx: 2 sin{(N l)xJ
P . X 2
sin=
2




