1.

4 -1 -1 0 0 1
Let A=|5 3 4| and B=[{0 1 0
2 4 5 -1 0 0

(@) Compute (A7B) and AB.(6%)
(b) Compute det(d)and der(2.4°). (6%)

(¢) Find 47! (5%)

Based on the ZU-factorization, a matrix 4 can be expressed as A=LU, where L is a

lower triangular matrix with all diagonal entries equal to 1 and U is an upper triangular

matrix.
-1 1 0

If A=/ 1 1 2/, whatare the matrices L and U? (8%)
-2 4 3

Let the linear transformation be :R>* > #>*? be defined by

L{d)=~ (A+AT)
forall Aen>?.

(a) Find the matrix representation of L with respect to the standard (ordered) basis

10 01 00 0o o]} .,
ol apels afef) Shefs T e

(b) Determine the kernel and range of L. What are their dimensions? (8%)
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4. Let A=|:

6.8 03
02 0.7}

(a} Compute the eigenvalues of A. (3%)

(b) Compute f(A)=24>+ A2 ~54+31, where I is the 2x2 identity matrix. (4%)

1
(¢) Determine /[lim Ak[ } (5%)
k- 0

5. True or false, MUST with reason or counterexample.

(a} Let Cbe a nonsingular matrix and ¥(x) be a fundamental matrix of the linear
system y'(x)= Ay(x), where y(x) is a vector function of dimension 7.

Then CY¥(x) is also a fundamental matrix. (4%)

(b) The unique solution of the following initial vatue probiem
y(x)= o)L= (23~ HxDsin(x(x)), »(0)=

1s always increasing and between 0 and 1. (4%)

(¢) Leta, beR and a>0. Then all the solutions of y¥"(x)+ ay’{x}+ by(x)=0 have
the property of 3{x})—=>0 as x— . (4%)

(d) If the Wronskian of smooth functions f,(x},---, £,(x) vanishes at every point of
the real line, then the » functions are linearly dependent. (4%)

6. (a) Please find the complete set of sotutions of y"(x)+ y(x)=0. (3%)

(b) Explain why you have found all possible solutions in part (a). (3%)

(c) Please determine the condition on the complex number ¢ such that the solution of

the differential equation y*{x)+ y(x)=e™ with ¥(0)=1 is bounded. (3%)
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7. Let y(t) and y,(f) be two solutions of (r+1)y"=(t+2)y'+ y=0 on the interval
(-1,) satisfying 3,(0)=2, 1(0)=1, y,(0)=1 and ¥3{(0)=1

DS )

Let W, . (A" be the Wronskian of y, and y,. Suppose that Yo, (t)
—iH

2

and y,, (r) be two particular solutions of the following two initial-value problems
(+1)y"~(+2)y+y =1, H0)=1, y(0)=0 and
((+1)y"-(+2)y'+ y=te', 3(0)=0, y(0)=1

on the interval (-1, ), respectively.
(a) Compute Wi v, ](t). (4%)
(b) Solve the initial value problem

((+ 1)y +2)y'+ y=12+2te"; 3(0)=2, y(0)=1
(interms of yy, ;. ¥,y and y,,) (2%)

8. (a) Solvefor 3{t) when j ,/‘ (7 )d v =¢*. Hint: rGJ=JE . (5%)

(b) The differential equation f (t)j:gi +12+ y=0 isknown to have an integration
factor u(t)=t. Find all possible functions f1). (4%)

(¢) Find a particular solution in Fourier series of the equation '+ y = f (r), where

fO)=l], —z<st<x and f(t+2x)=f(t) Vi.(10%)




