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L. (10 %) Consider the following linear equation system in R:

xt+ay+3z=2
X+2y+2z=3
X+3y+az=g+3

Please discuss and determine ali possible values of 2 and find its corresponding solution set conditions.

2. Let @, 3, and ybe the ordered basis of Po(R), P3(R), and M..2(R), respectively dgﬁned by
a= {l,x,%(—l +3x’)}, B= {l,x,%(-l + 3x2),%(—3x+5x3 )}

o 06 6 I

Let T: Py(R) ~ P3(R), and U : Py(R) — M:x2(R) be the linear transformations ‘respccﬁve.ly defined by
TE)=15(x) and  U(g(x))= 2(3(4) gG)J

gQ2) g
(a) (5%) Compute the matrix representation of T in @ and 8,
{b) (5%) Compute the matrix representation of U in Sand y.
(¢) (5%) Find a basis for the nyli space of U.
(d) (5%) Compute the nullity and rank of UT.

and

3. Let T be a linear operator on the inrer product space R* defined by T(v) = Au, forall v e R*, where

4 5 3 ¢
0 -2

A -4 0
0 5 7 0
2 5 7 2

(a) (8%) Find the eigenvalues and the corresponding eigenspaces of T.

(b} (4%) Determine whether or not there exists an orthonormal basis of R? that consists of eigenvectors of T? Explain why,
. 0

1

0

(¢) (8%) Find an orthonormal basis for the T-cyclic subspace of R* generated by u=

4.2%) (a) Solve y'=y?, »{0)=2. Call the solution y,.
2%) (b) Solve y'=y*_1, Y(0)=1. Call the solution Yo
(1%) (¢} Does Yetyp solve y'=y? -1, 3(0) =37 Explain.
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5. (8%) One solution of the equation y*+ p(1)y' + 4}y =0 is (1+7)*, and the Wronskian of any two solutions is constant, Find
the general solution of Y'+p@)y' +q(y=1+1.

6. (5%) Three solutions of a 2nd-order linear equation L{y) = g(¢) are
v, =2¢" +ey, =t +ef andy, =(1+e" +¢'.

Find the solution of the initia] problem L(y)=g(r); ¥0)=3,'(0)=0

22y "+ x(x - 3)y'+3y = 0
8. (8%) Let x; and x; be two real functions of t. Solve x; and xz for the following system of differential equations

{x‘ =dn-x 0 =5,x,(1) =3

!
X =x +2x,

9. (7%) Given the initial vaiue problem, x*+4x'+13x= S@; x(0)=x'(0)=0
(a) (3%) Express x() in terms of £(¢) and convolution,
(b) (4%) Solve x(2) for (1) =u(r)- u(t —1), where #(2) denotes the unit step (or Heaviside Step) function.

L O<t<s

10. (9%) f(t)={0 s<t<10 with f(1+10)=f(f) is a piecewise  continuous and -periodjc function  that

satisfies 7(z) = /07 ; TN where £(r*)and S (") ate the right-hand and left-hand limits of £ (r)at each discontimuity,

(a) (3%) Find the Fourier series of F(1).
(b) (3%) Let £(¢) be defined fors 20; find its Laplace transform F(s)fors>0.
(c) (3%) Find a particular solution for x" +16x = S0,




