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(1) Let {a,} be a sequence of positive real numbers. Prove that

lim sup ¥/a, < limsup sl (10%)

n—400 n—oo (279}
(2) Let
A = {(z,0)eR* : 0<z <1},
B = {(z,y) €eR?® : 0<zy <1},
C = {(z,y) € R? : zisrational and 0 < y < 1},
1
D = {(0?0)}U{(EJO)€R2 : .'23:1,2,3,"'},
E = {(32+2y,8z—-9) €R® : (z,9) e R*,2* +4* < 1},

Fo= {(esin(xy)’ecos(m-é-y)) c R2 . (:c,y) e R21x2 +y2 < 2}.

(a) Which sets are open in R?*? (Don’t need to prove.) (4%)

(b) Which sets are compact in R?? (Don’t need to prove.) (4%)
(c) Which sets are connected in R?? (Don’t need to prove.) (4%)
(d) Which sets are complete in R*? (Don’t need to prove.) (4%)

(3) Is the function f(z) = v/z2 uniformly continuous on R? Give your proof. (15%)

4) Determine whether the function f(z) =% °° 2> S,i";,,"‘”‘is continuous on R. Give
n=0 (n!)

your proof. (10%)

(5) Let f:(—1,00) — R be defined by

f(a) {J%I if z isrational and — 1 < z < o0
) =
3z : ‘e irrat] _
TP if zisirrational and — 1< z < oco.

Prove that there exists one and only one point ¢ € (—1, co) such that f'(c) exists,
and, find ¢ and f'(c). (15%)

(6) Let f: R* — R be defined by setting £(0,0) = 0 and
zy(z? — y°)
fz,y) = “"W if (z,y) # (0,0).
(a) Do 9 and —-’5 exist at (0,0)7 Give your proof. (4%)
(b) Calculate —f» and —5 at (z,y) # (0,0). (4%)
(¢) Is f of class C' on R?? Give your proof. (10%)

(d) Is f of class C? on R?? Give your proof. (6%)
(Recall that a function is said to be of class CT if the first  derivatives exist and

are continuous.)

(7) Let f :[0,2] = R be Riemann integrable on [0,2]. Assume that the set 4 =
{z €10,2]: f(z) =2} is dense in [0, 2]. Find the integral f: f(z)dz. (10%)




