T PSSV RIE RS § R e o

B HEM Az : D2 #_1 A¥_1__7RA *HARELEE (F) REE

(1) Let {a,} and {b,} be two bounded sequences in R. If for every a, there is some k& > n
such that b, > a,, prove that

lim sup a,, < lim sup b,,. (10%)

n—o0 n—0o0

(2) Let X be the metric space of irrational numbers with the metric d(z,y) = |z — y|. Let A
be the set of all points z in X with 3 < 22 < 9. Answer the following questions. In all

cases, give your proofs.

(a) Is A closed in X? (6%)
(b) Is A open in X7 (5%)
(c) Is A compact? (5%)
(d) Is A connected? (5%)

(3) Let (X,d) and (Y, p) be metric spaces and f : X — Y be a continuous function on X.
Prove that f(A) C f(A) for all A C X. Here A denotes the closure of A. (10%)

(4) Let f:R? — R be defined by setting f(0,0) = 0 and
3

f@v)= g5 i @) #0,0).
(a) Do & and —1 exist at (0,0)? Evaluate it when it exists. ' (5%)
(b) Is f contmuous at (0,0)? Justify your answer. (5%)
(c) Is f differentiable at (0,0)? Justify your answer. (10%)

(5) Let f:[0,1] — R be such that

0 ifz=21 n=123,..,
f(ar)={1 T

otherwise.
Prove that f is integrable on [0, 1] and find the value of fol f(z)dz. (10%)
(6) Determine whether the sequence of functions fu(z) = 7=z, n = 1,2,3,..., converges
uniformly on R as n — co. Give your proof. (10%)

(7) Let {a,} be a bounded sequence in R. Determine whether the function f(z) =Y .., 2"

n=1 n!

is continuous on R. Give your proof. (10%)

(8) Prove that the equation
ycosz = 2 — e®cosy
has a solution of the form y = g(z) for (z,y) near (0,0). Find the first three terms in the
Taylor expansion of g(z) about z = 0. (10%)




